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Abstract
Modifications of the non-linear Schro¨dinger model (MNLS) i∂tψ(x, t)+ ∂
2
xψ(x, t)− [
δV
δ|ψ|2
]ψ(x, t) = 0,
where ψ ∈ C and V : IR+ → IR, are considered. We show that the quasi-integrable MNLS models
possess infinite towers of quasi-conservation laws for soliton-type configurations with a special complex
conjugation, shifted parity and delayed time reversion (CPsTd) symmetry. Infinite towers of anoma-
lous charges appear even in the standard NLS model for CPsTd invariant N−bright solitons. The true
conserved charges emerge through some kind of anomaly cancellation mechanism, since a convenient
linear combination of the relevant anomalies vanish. A Riccati-type pseudo-potential is introduced for
a modified AKNS system (MAKNS), which reproduces the MNLS quantities upon a reduction pro-
cess. Two infinite towers of exact non-local conservation laws are uncovered in this framework. Our
analytical results are supported by numerical simulations of 2−bright-soliton scatterings with potential
V = − 2η
2+ǫ
(|ψ|2)2+ǫ, ǫ ∈ IR, η > 0. Our numerical simulations show the elastic scattering of bright soli-
tons for a wide range of values of the set {η, ǫ} and a variety of amplitudes and relative velocities. The
AKNS-type system is quite ubiquitous, and so, our results may find potential applications in several
areas of non-linear physics, such as Bose-Einstein condensation, superconductivity, soliton turbulence
and the triality among gauge theories, integrable models and gravity theories.
1 Introduction
Integrable partial differential equations such as sine-Gordon (SG), Korteweg-de Vries (KDV) and nonlinear
Schro¨dinger (NLS) systems are regarded as universal models of nonlinear phenomena. They can describe,
at leading order, several nonlinear systems and can be integrated using the inverse scattering transform.
Soliton type solutions and the infinite number of conserved charges are among the distinguishing features
of the integrable models [1, 2, 3]. However, some non-linear field theory models with important physical
applications and solitary wave solutions are not integrable. Recently, some deformations of integrable models,
which exhibit soliton-type properties, have been put forward. Various quasi-integrability properties of the
deformations of the integrable models, such as SG, NLS, Toda, KdV, Boullogh-Dodd and SUSY-SG have
recently been examined in the frameworks of the anomalous zero-curvature formulations [4, 5, 6, 7, 8, 9, 10,
11, 12, 13] and the deformations of the Riccati-type pseudo-potential approach [14, 15].
The dynamics of the soliton-like configurations in the quasi-integrable models are, so far, largely unknown.
We summarize the known results. First, the one-soliton sectors exhibit infinite number of anomalous charges,
since the space-time integration of the so-called anomalies vanish. Second, the space-time integration of
the anomalies also vanish for configurations such that the one-soliton like solutions are located far away
from each other. The anomalies are appreciable around the space-time regions of their mutual interaction.
Third, a sufficient condition for the vanishing of the space-time integrated anomaly is that the N−soliton
configurations possess definite parity, either odd or even, under a special shifted parity and delayed time
reversion (PsTd) symmetry. When the anomaly densities are odd under this symmetry the space-time
integration of them vanish, which imply the existence of asymptotically (anomalous) conserved charges.
Fourth, the existence of several towers of infinitely many anomalous charges. Several new towers of anomalous
charges have been uncovered in [14, 15], in this way adding a new list to the ones presented in [4, 9, 11, 12]
for deformations of SG and KdV models. Fifth, some deformed models possess a subset of infinite number of
anomalous charges for soliton eigenstates simply of the shifted space-reflection symmetry Ps. The deformed
defocusing (focusing) NLS model for a variety of two-soliton configurations [11, 12] and the deformed sine-
Gordon model [9] for two-kink-type and breather-type solutions have been shown to exhibit this property.
The above results have been obtained by combining analytical and numerical methods.
Remarkably, it has been observed that even the standard KdV model possesses several towers of quasi-
conservation laws with anomalous charges for analyticalN− soliton configurations satisfying the special PsTd
symmetry properties [15]. For the standard SG theory this property has also been discussed for the 2-soliton
sector of the theory [14]. So, one can argue that the truly integrable systems inherit certain properties to
their deformed counterparts.
Moreover, in the context of the Riccati-type pseudo-potential approach to quasi-integrability, there have
been shown that the deformed SG and KdV models [14, 15] can be formulated as the compatibility condition
of certain linear systems of equations and that they possess infinite towers of exact non-local conservation
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laws.
The new properties mentioned above have been examined for the deformations of the relativistic invariant
sine-Gordon model with topological solitons and the non-relativistic KdV model with non-topological and
unidirectional solitons, respectively. Conventionally, both of them are defined for real scalar fields. So, it
would be desirable to examine those properties for NLS-type models defined for a complex field with envelope
solitons. In general, those integrable models can be formulated in the framework of the AKNS system, from
which they can be obtained through relevant reduction processes. The NLS-type model stands in the
same level of importance as the KdV-type and SG-type models in their potential applications, since they
are ubiquitous in all areas of nonlinear physics, such as Bose-Einsten condensation and superconductivity
[16, 17], soliton gas and soliton turbulence in fluid dynamics [18, 19, 20, 21], the Alice-Bob physics [22], and
the understanding of a kind of triality among the gauge theories, integrable models and gravity theories (see
[23] and references therein).
In the first part of this paper we search for additional quasi-conservation laws, different from the ones
related to the anomalous zero-curvature approach in [7], and study the role played by them in the phenomenon
of quasi-integrability. A special complex conjugation, shifted parity and delayed time reversion (CPsTd)
symmetry will play a central role in our constructions. It is shown that for each monomial or polynomial of
homogeneous degree and even parity under PsTd and formed by the NLS field and its derivatives one can
construct an infinite tower of quasi-conservation laws with anomalous charges with successively increasing
degrees and odd parities under PsTd. In addition, it is shown that some exactly conserved charges (e.g. the
energy) emerge through some kind of anomaly cancellation mechanism. In fact, an exact conservation law
arises when a suitable linear combination of relevant quasi-conservation laws leads to the vanishing of the
combined anomalies.
As a byproduct we will show that even the standard NLS model exhibits infinite towers of infinitely
many anomalous conservation laws with analogous properties to their counterparts in the quasi-integrable
NLS theory. It will be shown analytically the quasi-conservation of the infinite towers of anomalous charges
for N−soliton solution satisfying the CPsTd symmetry since their relevant anomalies possess odd parities
under the PsTd symmetry transformation. The lowest order anomalous charges can be identified to the
so-called statistical characteristics of the NLS model and their ensemble-averaged values for large number of
N−solitons have been examined [20] and it has been argued to play a fundamental role in the understanding
of the phenomena of soliton gas and soliton turbulence in integrable models, see e.g. [19, 21] and references
therein.
We numerically simulate various two-soliton configurations of the deformed model by numerically evolv-
ing linear superpositions of two (initially located far away) solitary-wave exact solutions of a particular
deformation of the NLS model. The numerical simulations will allow us to verify the analytical expectations
for the novel set of quasi-conservation laws, and check the behavior of some of the lowest order anomalies
associated to the relevant new towers of anomalous conservation laws of the deformed model for a variety
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of values of the coupling constant and deformation parameters {η, ǫ}. In order to perform the numerical
simulations we will use the time-splitting cosine pseudo-spectral finite difference method (TSCP) [24, 25],
which is a suitable method in order to control the highly oscillatory background. The collisions would be
elastic if the solitons preserved their initial profiles and velocities and there was no noticeable production of
radiation. These properties hold for truly integrable models and the fact that they would also hold for the
deformed NLS equation, which is not integrable, will be the distinguishing features of the quasi-integrable
deformed NLS model.
In the second part of this paper we perform a particular deformation of the Riccati-type pseudopotential
approach related to the AKNS system [26], from which the NLS-like modified model is obtained through
a particular reduction process. A modified AKNS system (MAKNS) is defined by introducing a deformed
potential V and some auxiliary fields into the pair of Riccati-type system of equations and another system
of equations for the set of auxiliary fields, such that the compatibility condition applied to the extended
system gives rise to the modified AKNS model equations of motions. Then, it is constructed a set of infinite
number of quasi-conservation laws order by order in powers of the spectral parameter. In addition, in the
framework of the pseudopotential approach, it is proposed a linear system of equations whose compatibility
condition gives rise to the MAKNS equations of motion. As an application of the linear system formulation
of the modified AKNS model, it is obtained a pair of infinite towers of exact non-local conservation laws.
A particular reduction MAKNS → MNLS allows one to reproduce the relevant quantities of the MNLS
model out of the ones constructed for the MAKNS system.
This paper is organized as follows: In the next section we define a modification of the NLS model as a
quasi-integrable theory and the special parity symmetry, i.e. a complex conjugation, a shifted space-reflection
and time-delayed inversion (CPsTd) is discussed. In sec. 3 we find novel towers of quasi-conservation laws of
the modified NLS. In particular, we introduce the anomaly cancellation mechanism in order to get the exact
conservation laws. In section 4 we show by direct construction that even the standard NLS model possesses
infinite towers of infinite number of anomalous conservation laws. In sec. 4.2 it is shown analytically the
quasi-conservation of the infinite number of anomalous charges for N−bright soliton solution satisfying the
symmetry CPsTd. The section 5 presents the results of our numerical simulations. The time evolution of
2−bright soliton collisions for the modified NLS are performed and then it is verified whether the observed
results supported the vanishing of the space and space-time integrated anomalies of the quasi-conservation
laws for several values of the deformation parameters and relative velocities and amplitudes. Our numerical
results are shown in the Figs. 1, 2,...,15.
The section 6 considers a particular deformation of the sl(2) AKNS model in the context of the Riccati-
type pseudo-potential approach, and it discusses a particular reduction to the modified NLS model. An
infinite set of quasi-conservation laws are constructed. In sec. 7 it is found a linear system formulation of the
deformed AKNS model and constructed an infinite set of non-local conservation laws. In sec. 8 we present
our conclusions and discussions. The appendices A and B present the components of the expansions in power
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of ζ of the Riccati-type pseudo-potentials. Finally, the appendix C presents the relevant parameters in the
construction of the CPsTd−symmetric 3−bright soliton.
2 The model
We will consider non-relativistic models in (1 + 1)−dimensions with equation of motion given by
i
∂
∂t
ψ(x, t) +
∂2
∂x2
ψ(x, t)− V (1)(|ψ(x, t)|2)ψ(x, t) = 0, (2.1)
V (n)(I) ≡ d
n
dIn
V (I), I ≡ ψ¯ψ, (2.2)
where ψ is a complex scalar field and the potential V : IR+ → IR.
The model (2.1) defines a modified non-linear Schro¨dinger model (MNLS) and it supports bright and dark
soliton type solutions in analytical form for some special functions V [I]. The potential V [I] = ηI2, (η < 0),
corresponds to the integrable focusing NLS model and supports N-bright soliton solutions; whereas, the case
η > 0 defines the integrable defocusing NLS model and supports N-dark soliton solutions. The potential
V [I] = ηI2− ǫI3/6 defines the non-integrable cubic-quintic NLS model (CQNLS) which possesses analytical
bright (η < 0) and dark (η > 0) type solitons [27, 28]. In [29, 27] the bright solitary waves of the cubic-quintic
focusing NLS have been regarded as quasi-solitons presenting partially inelastic collisions in certain region
of parameter space. Among the models with saturable non-linearities [30], the case V [I] = 12ρs(I +
ρ2s
I+ρs
)
also exhibits analytical dark solitons [31]. The deformed NLS model with V (1)(I) = 2ηI − ǫ Iq1+Iq passes the
Painleve´ test for arbitrary positive integers q ∈ ZZ+ and ǫ = 1 [32].
We will consider the solutions of (2.1) satisfying the boundary conditions
|ψ|x=−∞ = |ψ|x=+∞ = 0, ∂xψ = 0, as |x| → +∞. (2.3)
As a particular example, we will consider the deformed (focusing) NLS equation with potential
V (I) = − 2η
2 + ǫ
(I)2+ǫ, ǫ ∈ IR (2.4)
which implies the following equation of motion
i
∂
∂t
ψ(x, t) +
∂2
∂x2
ψ(x, t) + 2η
[
|ψ(x, t)|2
](1+ǫ)
ψ(x, t) = 0, ψ(x, t) ∈ C; η > 0, (2.5)
where ǫ is a deformation parameter. Notice that in the limit ǫ = 0 one has the standard (focusing) NLS model.
The model (2.5) has recently been considered in [7, 12] in order to study the concept of quasi-integrability
for bright soliton collisions. An analytical solitary wave solution with vanishing boundary condition (bright
soliton) for this potential is well known in the literature (see for example [7])
ψ(x, t) =
[2 + ǫ
2
ρ2
η
1
cosh2 [(1 + ǫ)ρ(x− vt− x0)]
] 1
2(1+ǫ)
ei[(ρ
2− v
2
4 )t+
v
2 x]. (2.6)
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In our numerical simulations for two-soliton collisions for deformed NLS we will consider the potential of
type (2.4) corresponding to the model (2.5) and as an initial condition two solitary waves of type (2.6) sewed
together conveniently and located far away.
Next, let us consider a special space-time symmetry related to soliton-type solutions of the model. So,
consider a reflection around a fixed point (x∆, t∆)
P˜ : (x˜, t˜)→ (−x˜,−t˜); x˜ = x− x∆, t˜ = t− t∆. (2.7)
The transformation P˜ defines a shifted parity Ps for the spatial variable x and a delayed time reversal Td
for the time variable t. Notice that, when x∆ = 0 (t∆ = 0), Ps (Td) is reduced to the pure parity P (pure
time reversal T ).
In the quasi-integrability approach [7] it is assumed that the ψ solution of the deformed NLS model
possesses the following property under the transformation (2.7)
P˜ ≡ PsTd, P˜(ψ) = eiδψ¯, P˜(ψ¯) = e−iδψ, ψ¯ ≡ ψ⋆, δ = constant. (2.8)
The model (2.5) with ǫ = 0 becomes the standard NLS
i
∂
∂t
ψ(x, t) +
∂2
∂x2
ψ(x, t) + 2η|ψ(x, t)|2ψ(x, t) = 0, ψ(x, t) ∈ C; η > 0. (2.9)
Let us examine the scaling dimensions of the NLS model. So, it enjoys the scale-invariance
ψ → 1
λ
ψ(
t
λ2
,
x
λ
). (2.10)
So, inspecting the scaling (inverse length dimension) of the ψ and ψ⋆ fields in the eq. (2.9) one notices that
the fields and derivatives can be associated with the scale dimensions1
deg(∂t) = 2; deg(∂x) = 1; deg(ψ) = deg(ψ¯) = 1. (2.11)
Next, let us perform the complex conjugation of the equation (2.9)
−i ∂
∂t
ψ¯(x, t) +
∂2
∂x2
ψ¯(x, t) + 2η|ψ(x, t)|2 ψ¯(x, t) = 0, (2.12)
where we have considered the charge conjugation operator
C(ψ) = ψ¯. (2.13)
In addition, consider the space and time reflections around the origin
P : x→ −x, T : t→ −t. (2.14)
Let us apply the above reflection transformations to the eq. (2.9). So, one has
−i ∂
∂t
ψ(−x,−t) + ∂
2
∂x2
ψ(−x,−t) + 2η|ψ(−x,−t)|2ψ(−x,−t) = 0, ψ(−x,−t) ∈ C; η > 0. (2.15)
1Notice that all terms in the standard NLS equation should be of the same scale dimension with ∂x being λ−1, which we
define as deg(∂x) = 1.
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Then, comparing the eqs. (2.12) and (2.15) the next relationships follow
ψ(−x,−t) = eiδψ¯(x, t), ψ¯(−x,−t) = e−iδψ(x, t), δ = constant. (2.16)
So, we define the special transformation as the product of complex conjugation C, shifted space-reflection
Pd and time-delayed inversion Td as
CPsTd : ψ(x˜, t˜)→ ψ¯(−x˜,−t˜), (2.17)
for a complex field ψ, such that ψ¯ stands for complex conjugation of the field. Therefore, the condition (2.8)
satisfied by the field of a quasi-integrable model can be rewritten as
CPsTd(ψ) = e−iδ ψ. (2.18)
Moreover, the NLS equation exhibits the space-time translation invariance, i.e.
x→ x+ x0, t→ t+ t0. (2.19)
This implies that for the N-soliton solution its j-soliton component can be located anywhere xj = η0j ,
for η0j being arbitrary constants. Notice that the shifted parity and delayed time inversion symmetry (2.7)
becomes the usual space-time reflection symmetry (2.14) if one sets x∆ = t∆ = 0 in (2.7), i.e. (2.14) is a
particular case of (2.7).
So, the standard NLS equation is symmetric under scaling transformation, therefore its conservation
laws, generalized symmetries, and recursion operator inherit the same scaling property [33]. Below, we will
systematically use this concept in order to identify the higher scale dimensions of different quantities, such
as the relevant charge densities in the both deformed and standard NLS models, respectively. In fact, the
single tower of NLS-type asymptotically conserved charges defined in the previous references [7, 11, 12] for
deformations of NLS is composed by anomalous charge densities with homogeneous scale dimensions; i.e. each
charge density is a homogeneous polynomial which exhibits the degree n; in their notation deg {a(3,−n)x } =
n, n = 0, 1, 2, ....
In recent papers [11, 12], there have been shown analytically and numerically that the quasi-integrable
defocusing and focusing non-linear Schro¨dinger models of type (2.5), respectively, support a tower of infinite
number of exactly conserved charges for two-soliton (dark-dark and bright-bright) configurations possessing
definite parity simply under the space-reflection symmetry, for a wide range of values of the deformation
parameter ǫ. The associated charges exhibit the same form as the ones for the standard NLS model.
Moreover, in the both types (focusing and defocusing) of deformed NLS models there have been reported that
for various two-soliton configurations without parity symmetry, the first nontrivial fourth order charge, which
presents an ‘anomalous’ term in the quasi-integrability formulation, is exactly conserved, within numerical
accuracy; i.e. both the space and space-time integrals of its associated anomaly vanishes.
In the following we will tackle the problem of finding novel towers of quasi-conservation laws of the
deformed NLS model (2.1) and show that some even parity monomials and polynomials with homogeneous
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degrees can be regarded as building blocks in order to construct the first exact conservation laws of the
deformed model, provided that certain combinations of the relevant anomalies vanish. In the next sections
we construct towers of infinite number of anomalous conservation laws of the deformed model (2.1) and then
we discuss the presence of relevant quasi-conservation laws even for the standard NLS (2.9).
3 Modified NLS and anomalous charges
In the context of deformed sine-Gordon and KdV models there have been analyzed the behavior of novel
infinite towers of asymptotically conserved (anomalous) charges in [14] and [15], respectively. Those results
uncovered new anomalous charges and extended the earlier results on SG model in [4, 5, 9] and KdV model
in [10], respectively. Next, we construct systematically those types of charges by analyzing the behavior of
each monomial and polynomial of increasing number of degrees in the scaling dimensions defined in (2.11).
3.1 First order charge and its generalization
Next we construct a conservation law with a charge density whose relevant terms possess scaling dimensions
of order one, according to the definition (2.10)-(2.11)2. From the eqs. of motion (2.1) and its complex
conjugate one can write the exact conservation law
∂t[i
ψ¯∂xψ − ψ∂xψ¯
ψ¯ψ
] + ∂x[
∂2xψ
ψ
+
∂2xψ¯
ψ¯
− 2V (1)] = 0. (3.1)
The relevant charge density possesses even parity under (2.8) and it is associated to the phase difference
(or the phase jump) of the solutions. In particular, it represents the topological charge related to the dark
solitons of the defocusing NLS [11, 34].
A direct generalization of the above conservation law is provided by the next quasi-conservation law
∂t
[
iF (I)
ψ¯∂xψ − ψ∂xψ¯
ψ¯ψ
]
+ ∂x
[
F (I)
(
∂2xψ
ψ
+
∂2xψ¯
ψ¯
− 2V (1)
)
− 2G(I)
]
= αˆ1, (3.2)
with
αˆ1 ≡ 2F (1)(I) ∂x[∂xψ¯∂xψ], (3.3)
G(I) ≡ −
∫ I
dI ′ V (1)(I ′)F (1)(I ′),
F (1)(I) ≡ d
dI
F (I),
where I has been defined in (2.1) and F (I) is an arbitrary function. In fact, this quasi-conservation law
reduces to the exact conservation law (3.1) for F = 1. The r.h.s. of (3.2) defines the anomaly αˆ1, which is an
odd function under the space-time transformation defined in (2.8). Notice that in the generalized expression
2Formally, one can assume deg (ψ−1) = deg (ψ¯−1) = −1.
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(3.2) the even parity condition imposed in the construction of the charge density implied the desired odd
parity of the anomaly αˆ1.
So, one can define the asymptotically conserved charge
d
dt
Q1(t) =
∫
dx αˆ1 (3.4)
Q1(t) =
∫ ∞
−∞
dx [iF (I)
ψ¯∂xψ − ψ∂xψ¯
ψ¯ψ
]. (3.5)
For the special solutions satisfying the parity property (2.7)-(2.8) one must have the vanishing of the space-
time integral of the anomaly αˆ1, i.e.∫ t˜
−t˜
dt
∫ x˜
−x˜
dx αˆ1 = 0, for t˜→∞, x˜→∞. (3.6)
Therefore, integrating in t on the b.h.s.’s of (3.4) one can get
Q1(t→∞) = Q1(t→ −∞). (3.7)
Below we will compute the x−integral and (x, t)−integral, respectively, of the anomaly αˆ1 in (3.3) for a
special case of F (I), through numerical simulation of two-bright soliton collisions. In fact, we will use the
exponential distribution F (I) = e−I
2
which has been used in order to compute numerically the ensemble-
averaged values of the first integrals in the study of soliton-gas and integrable turbulence in the focusing
NLS model [20, 18].
3.2 Second order and related higher order tower
From eq. (2.1) and its complex conjugate one can write the conservation law
∂t(ψ¯ψ)− ∂x
[
i(ψ¯∂xψ − ψ∂xψ¯)
]
= 0. (3.8)
The even parity charge density ψ¯ψ possesses scaling dimension 2. The relevant charge Q˜1 =
∫
dx 12 (ψ¯ψ)
defines the normalization of the solution ψ and it is related to the internal symmetry of the model: ψ →
eiδψ, δ = const.
Multiplying by (ψ¯ψ)n−1 on the both sides of eq. (3.8) and making use of the eq. of motion (2.1) one can
rewrite (3.8) as
∂t[
1
2n
(ψ¯ψ)n]− ∂x[ 1
2n
i(ψ¯ψ)n−1(ψ¯∂xψ − ψ∂xψ¯)] = βˆn, n = 1, 2, 3... (3.9)
βˆn ≡ − 1
2n
∂x[(ψ¯ψ)
n−1]i(ψ¯∂xψ − ψ∂xψ¯). (3.10)
Notice that for n = 1 it is the first exact conservation law (3.8). Let us write the asymptotically conservation
laws as
d
dt
Qn =
∫
dx βˆn; n = 2, 3, ... (3.11)
Qn = 1
2n
∫
dx (ψ¯ψ)n. (3.12)
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For the field ψ satisfying (2.7)-(2.8) the anomaly density βˆn possesses an odd parity for any n. Notice that the
even parity condition imposed in the construction of the monomials (ψ¯ψ)n of scaling dimension 2n in (3.9)
implied the odd parities of the anomalies βˆn which appear in the r.h.s of the generalized quasi-conservation
laws (3.9).
Therefore, one must have the vanishing of the space-time integral of the anomaly βˆn, i.e.
∫ t˜
−t˜
dt
∫ x˜
−x˜
dx βˆn = 0, for t˜→∞, x˜→∞, n = 2, 3, ... (3.13)
So, the asymptotically conserved charges satisfy
Qn(t→∞) = Qn(t→ −∞), n = 2, 3, ... (3.14)
Below we will compute the x−integral and (x, t)−integral, respectively, of the anomaly βˆ2 through nu-
merical simulation of two-bright soliton collisions.
3.3 Third order and related higher order tower
The conservation law related to the space translation symmetry of the model can be written as
∂t
[
i(ψ¯∂xψ − ψ∂xψ¯)
]
− ∂x
[
2∂xψ∂xψ¯ − ψ∂2xψ¯ − ψ¯∂2xψ + 2V (1)|ψ|2 − 2V
]
= 0. (3.15)
The relevant charge is associated to the momentum conservation. Notice that the relevant charge density
is a third order homogeneous polynomial according to the scaling (2.11) and possesses even parity under
(2.7)-(2.8). Next, multiplying by (i)
n
n (ψ¯∂xψ−ψ∂xψ¯)n−1 on the both sides of the above eq. and conveniently
rewritten it one has
∂t
[ (i)n
n
(ψ¯∂xψ − ψ∂xψ¯)n
]
−
∂x
[ (i)n
n
(ψ¯∂xψ − ψ∂xψ¯)n−1(2∂xψ∂xψ¯ − ψ∂2xψ¯ − ψ¯∂2xψ + 2V (1)|ψ|2 − 2V )
]
= γˆn (3.16)
γˆn ≡ − (i)
n
n
∂x[(ψ¯∂xψ − ψ∂xψ¯)n−1]
[
2∂xψ∂xψ¯ − ψ∂2xψ¯ − ψ¯∂2xψ + 2V (1)|ψ|2 − 2V
]
. (3.17)
n = 2, 3, 4, ...
Let us write the asymptotically conservation laws as
d
dt
Q˜n =
∫
dx γˆn; n = 2, 3, ... (3.18)
Q˜n(t) =
∫
dx
(i)n
n
(ψ¯∂xψ − ψ∂xψ¯)n. (3.19)
Notice that the anomaly density γˆn (3.17) possesses odd parity under the transformation P˜ defined in
(2.7)-(2.8). Therefore, the integral
∫
dt
∫
dx γˆn will vanish providing the asymptotically conserved charges
Q˜n(t = +∞) = Q˜n(t = −∞), n = 2, 3, ... (3.20)
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As in the previous constructions, the even parity condition imposed in the construction of the charge
density in (3.16) (nth power of the charge density in (3.15)) implied the odd parity of the anomalies γˆn in
the generalized expression (3.16).
Below we will compute the x−integral and (x, t)−integral, respectively, of the anomaly γˆ2 through nu-
merical simulation of two-bright soliton collision.
3.4 Fourth order and related higher order towers
From the eqs. of motion one can write the next conservation law
∂t[∂xψ¯∂xψ + V (|ψ|2)]− i∂x
[
(ψ¯∂xψ − ψ∂xψ¯)V (1) + ∂xψ¯∂2xψ − ∂xψ∂2xψ¯)
]
= 0. (3.21)
The relevant charge of this the conservation law is related to the energy of the system
H =
∫
dx[∂xψ¯∂xψ + V (|ψ|2)]. (3.22)
Notice that for the standard NLS the relevant energy charge density is composed of terms with even
parity under (2.8) and homogeneous scalings of degree 4 according to the definition (2.10)-(2.11), i.e.
deg (∂xψ¯∂xψ) = 4, deg (VNLS) = deg (−ηI2) = 4; whereas, the deformed NLS is composed of terms with
mixed degrees, i.e. the deformed potential V (|ψ|2) would carry scaling dimension different from 4.
Associated to this conservation law one can write the following pair of quasi-conservation laws
∂t[∂xψ¯∂xψ] + i∂x[∂
2
xψ¯∂xψ − ∂2xψ∂xψ¯] = δˆ1 (3.23)
∂tV (|ψ|2)− i∂x[(ψ¯∂xψ − ψ∂xψ¯)V (1)] = −δˆ1. (3.24)
δˆ1 ≡ i[(ψ¯∂xψ)2 − (ψ∂xψ¯)2]V (2). (3.25)
In fact, the corresponding anomalous charges correspond to the kinetic and potential terms, respectively,
associated to the enegy charge (3.22). Notice that the r.h.s.’s of the above eqs. possess odd parities under
the symmetry transformation (2.7)-(2.8).
Remarkably, the relevant anomalies possess opposite signs, and so, upon adding the l.h.s.’s of (3.23) and
(3.24) one gets the exact conservation law (3.21), since the corresponding anomalies in the r.h.s.’s cancel
to each other. So, we have shown a first instance in which an anomaly cancellation mechanism of two
quasi-conservation laws gives rise to an exact conservation law for a deformed NLS model with an arbitrary
potential of type V (I).
From the relationships (3.23) and (3.24) one can construct their related higher order quasi-conservation
laws. So, multiplying by 1n (∂xψ¯∂xψ)
n−1 on the both hand sides of (3.23) and rewritten conveniently one has
∂t[∂xψ¯∂xψ]
n +
i
n
∂x[(∂xψ¯∂xψ)
n−1(∂2xψ¯∂xψ − ∂2xψ∂xψ¯)] = δˆn (3.26)
δˆn ≡ i
n
[(ψ¯∂xψ)
2 − (ψ∂xψ¯)2](∂xψ¯∂xψ)n−1V (2) +
i
n
∂x[∂xψ¯∂xψ]
n−1(∂2xψ¯∂xψ − ∂2xψ∂xψ¯), n = 1, 2, 3... (3.27)
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The case n = 1 reduces to the quasi-conservation law (3.23). Moreover, the anomalies δˆn possess odd parities
under the symmetry transformation (2.7)-(2.8). Therefore, one can define the tower of anomalous charges
d
dt
Kn =
∫
dx δˆn, n = 1, 2, ... (3.28)
Kn =
∫
dx [∂xψ¯∂xψ]
n. (3.29)
Likewise, the generalization of the quasi-conservation law (3.24) becomes
∂t[G(|ψ|2)V (|ψ|2)] − i∂x[(ψ¯∂xψ − ψ∂xψ¯)V (1)(|ψ|2)G(|ψ|2)] = σˆG (3.30)
σˆG ≡ −i[(ψ¯∂xψ)2 − (ψ∂xψ¯)2]V (2)(|ψ|2)G(|ψ|2) + V (|ψ|2)∂tG(|ψ|2)−
i(ψ¯∂xψ − ψ∂xψ¯)V (1)(|ψ|2)∂xG. (3.31)
In fact, the special case G(I) = 1 of (3.30) reduces to the quasi-conservation law (3.24). In addition, the
anomaly σˆG possesses odd parity under the symmetry transformation (2.7)-(2.8) for any function G(I),
provided that P˜(G) = G. So, one can define a family of anomalous charges
VG =
∫
dxG(|ψ|2)V (|ψ|2). (3.32)
Below we will compute the x−integral and (x, t)−integral of the anomaly δ˜1 in (3.25) or (3.26), which
corresponds to σˆG=1 = −δ˜1 in (3.30), through numerical simulation of two-bright soliton collision.
So, we have shown that the deformed NLS (2.1) model exhibits four exact conservation laws for any
deformed potential of type V (I). They are the first order topological charge density (3.1), second order
normalization (3.8), and the third order momentum (3.15). Whereas, the energy density charge (3.22), even
though it satisfies an exact conservation law, possesses mixed scale dimension; i.e. the fourth order monomial
∂xψ¯∂xψ and the deformation dependent term V (I), which can take an arbitrary dimension. For example,
for the case (2.5) it takes the degree 2(2 + ǫ).
It is well known that each conserved charge of the standard NLS model is composed by homogeneous
degree polynomials on the field ψ(ψ¯), and their x−derivatives, such that the higher order charges are orga-
nized as polynomials with increasing scaling dimensions. The natural question is whether there exist exact
conservation laws of higher order (beyond fourth order) for the deformations of NLS of type (2.1). Next,
we will look for new charges, at least for the polynomial types, in the context of the quasi-conservation law
formulation and following the anomaly cancellation mechanism discussed above.
3.5 Fifth order monomials and related higher order towers
An exact conservation law with fifth order charge density is not available for the deformed NLS (2.1). In
fact, in the anomalous zero-curvature [7, 11, 12] and in the Riccati-type pseudo-potential approaches, which
we will present below, the fifth order exact conservation law is absent. Let us write the quasi-conservation
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laws for the monomials of fifth order. They become
∂t
[
i(ψ¯∂3xψ − ψ∂3xψ¯)
]
− ∂x
[
∂2xψ¯∂
2
xψ − ψ¯∂2x(ψV (1))− ψ∂2x(ψ¯V (1)) + 4∂xψ¯∂xψV (1)(I) + ∂xI∂xV (1)(I)−
V (1)(I)∂2xI + ψ¯∂
4
xψ + ψ∂
4
xψ¯ − ∂xψ¯∂3xψ − ∂xψ∂3xψ¯
]
= ρˆ (3.33)
ρˆ ≡ −2V (1)(ψ¯∂3xψ + ψ∂3xψ¯) (3.34)
and
∂t
[
iI(ψ¯∂xψ − ψ∂xψ¯)
]
+ ∂x
[1
2
(ψ¯∂xψ − ψ∂xψ¯)2 −H(I)− 1
3
I∂2xI +
1
6
(∂xI)
2
]
= ζˆ (3.35)
ζˆ ≡ −4
3
I(ψ¯∂3xψ + ψ∂
3
xψ¯), H
(1)(I) ≡ 2I2V (2)(I). (3.36)
Moreover, one considers the following combination of the charge densities in the l.h.s’s of (3.33) and (3.35)
Qˆ5 =
∫
dx i
[
3ηI(ψ¯∂xψ − ψ∂xψ¯) + (ψ¯∂3xψ − ψ∂3xψ¯)
]
, (3.37)
and the relevant combination of their anomalies
3ηζˆ + ρˆ = −2(V (1) + 2ηI)
[
ψ¯∂3xψ + ψ∂
3
xψ¯
]
. (3.38)
So, for the deformed NLS one gets a quasi-conservation law
d
dt
Qˆ5 = ξˆ (3.39)
ξˆ ≡
∫
dx [−2(V (1) + 2ηI)
[
ψ¯∂3xψ + ψ∂
3
xψ¯
]
]. (3.40)
The anomalies ρˆ in (3.33) and ζˆ in (3.35) exhibit odd parities under the symmetry transformation (2.7)-(2.8),
and then, as in the previous constructions, one has the asymptotically conserved charge
Qˆ5(t = +∞) = Qˆ5(t = −∞). (3.41)
Remarkably, the combination of the anomalies (3.38) vanishes for the potential of type V (I) = −ηI2.
Therefore, adding the l.h.s. of (3.33) and (3.35) one gets an exact conservation law and the associated fifth
order conserved charge of the standard NLS. Notice that the fifth order charges of the standard NLS and
its deformed counterpart are similar in form. So, at this level the anomaly cancellation mechanism does not
provide a new exactly conserved charge of the deformed NLS.
Similarly, one can construct the infinite number of higher order quasi-conservation laws associated to
the identities (3.33) and (3.35), respectively. Although we do not present them explicitly, let us emphasize
that their anomalies will exhibit odd parities and the relevant asymptotically conserved charges would be
constructed following analogous constructions as above.
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3.6 Sixth order monomials and related higher order towers
Following similar constructions as above one can write the next quasi-conservation laws for the relevant sixth
order three monomials and one polynomial
d
dt
∫
dx [2(ψ¯ψ)3] =
∫
dxA1 (3.42)
A1 ≡ −12iI∂xI(ψ¯∂xψ − ψ∂xψ¯), (3.43)
d
dt
∫
dx [∂2xψ¯∂
2
xψ] =
∫
dxA2 (3.44)
A2 ≡ iV (1)(ψ¯∂4xψ − ψ∂4xψ¯), (3.45)
d
dt
∫
dx [I(ψ¯∂2xψ + ψ∂
2
xψ¯)] =
∫
dxA3, (3.46)
A3 ≡ i[(ψ¯∂2xψ)2 − (ψ∂2xψ¯)2] + iI(ψ¯∂4xψ − ψ∂4xψ¯)−
2iIV (2)∂xI(ψ¯∂xψ − ψ∂xψ¯), (3.47)
d
dt
∫
dx [I∂xψ¯∂xψ] =
∫
dxA4 (3.48)
A4 ≡ i(ψ¯∂2xψ − ψ∂2xψ¯)∂xψ¯∂xψ − iI(∂xψ∂3xψ¯ − ∂xψ¯∂3xψ) +
iIV (2)∂xI(ψ¯∂xψ − ψ∂xψ¯). (3.49)
Notice that the relevant anomalies Aj (j = 1, ..., 4) in (3.43), (3.45), (3.47) and (3.49), possess odd parities
under the symmetry transformation (2.7)-(2.8), and then, as in the previous constructions, one has the
relevant charge density monomials in (3.42), (3.44) and (3.48) and charge density polynomial in (3.46) which
will give rise to asymptotically conserved charges, respectively.
One can show the following identities
3i(ψ¯∂2xψ − ψ∂2xψ¯)∂xψ¯∂xψ ≡˙ iI(∂xψ∂3xψ¯ − ∂xψ¯∂3xψ) (3.50)
iI(ψ¯∂4xψ − ψ∂4xψ¯) ≡˙ 8i(ψ¯∂2xψ − ψ∂2xψ¯)∂xψ¯∂xψ + i[(ψ¯∂2xψ)2 − (ψ∂2xψ¯)2], (3.51)
where ≡˙ stands for an equivalence relationship, up to a term of type ∂x[...], between the expresions on the
both sides of the relevant identity.
The linear combination of the charge density monomials (3.42), (3.44) and (3.48) and polynomial (3.46)
provides the next total charge of the sixth order
Qˆ6 =
∫
dx[2λ1(ψ¯ψ)
3 + λ2∂
2
xψ¯∂
2
xψ + λ3I(ψ¯∂
2
xψ + ψ∂
2
xψ¯) + λ4I∂xψ¯∂xψ], (3.52)
where the λ′js are arbitrary constant parameters.
Next, using the above identities (3.50)-(3.51) into the anomalies (3.43), (3.45), (3.47) and (3.49), one can
write a linear combination of the anomalies as follows
4∑
j=1
λjAj = i[V (2)(λ4 − 2λ3)− 12λ1]I∂xI(ψ¯∂xψ − ψ∂xψ¯) + i[λ2V (1) + 2λ3I](ψ¯∂4xψ − ψ∂4xψ¯)−
2i[λ4 + 4λ3](ψ¯∂
2
xψ − ψ∂2xψ¯)∂xψ¯∂xψ. (3.53)
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So, one has the quasi-conservation law
d
dt
Qˆ6 =
∫
dx
4∑
j=1
λjAj . (3.54)
In general, for an arbitrary set of values λj and an arbitrary potential V (I), the sum
∑4
j=1 λjAj does not
vanish, giving rise to the asymptotically conserved total charge Qˆ6. However, for the special case of the
standard NLS, [V (I) = −ηI2, V (1)(I) = −2ηI and V (2)(I) = −2η], one can choose the set of values:
λ1 = ηλ3, λ2 =
λ3
η , λ4 = −4λ3, such that the summation
∑4
j=1 λjAj identically vanishes. So, one can
define the exactly conserved charge
QNLS6 = λ3
∫
dx[
1
η
∂2xψ¯∂
2
xψ + I(ψ¯∂
2
xψ + ψ∂
2
xψ¯) + 2η(ψ¯ψ)
3 − 4I∂xψ¯∂xψ]. (3.55)
As we will show below, this anomaly free charge is an exact conserved charge of the usual NLS, up to an
overall constant λ3. Then, this is another example of constructing an exact conservation law through the
anomaly cancellation mechanism, provided that the potential V takes a special form.
Similarly, one can construct infinite number of higher order quasi-conservation laws associated to the
monomial charge densities of order 6 in (3.42), (3.44) and (3.48), and the polynomial charge density of order
6 in (3.46), respectively. We do not present them explicitly here, but let us emphasize that their anomalies
will exhibit odd parities and their anomalous charges would be constructed following similar constructions
as above.
Some comments are in order here. First, the anomalous charge densities above are composed of monomials
or polynomials of homogeneous degree under the scaling defined in (2.11) and even parity under the symmetry
transformation PsTd in (2.7)-(2.8). Second, associated to each lowest order monomial or polynomial of this
type one can construct an increasingly higher order infinite tower of quasi-conservation laws with even
anomalous charge densities and odd parity anomaly densities. Third, it is shown that the exactly conserved
charges (e.g. the energy H and the charges Qˆ5 and Qˆ6 in (3.22), (3.37) and (3.52), respectively ) emerge
through some kind of anomaly cancellation mechanism. So, an exact conservation law arises when a suitable
linear combination of relevant quasi-conservation laws leads to the vanishing of the combined anomalies. In
fact, for the charge H in (3.22) it happens for any potential V (I), whereas for the charges Qˆ5 and Qˆ6 this
mechanism holds for a special type of potential V (I) = −ηI2.
4 Standard NLS: Exactly conserved and anomalous charges
The exactly conserved charges of the standard NLS can be found recursively as follows [2]
w1 = ψ (4.1)
wn+1 = −i ∂
∂x
wn − ηψ¯
n−1∑
k=1
wkwn−k. (4.2)
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Then the conserved quantities are defined as
qn =
∫ +∞
−∞
dx ψ¯wn, n = 1, 2, 3, ... (4.3)
Therefore, the first five lowest order conserved charges become
q1 =
∫ +∞
−∞
dx I, I ≡ ψ¯ψ, (4.4)
q2 = −1
2
∫ +∞
−∞
dx i(ψ¯∂xψ − ψ∂xψ¯), (4.5)
q3 = −
∫ +∞
−∞
dx [ψ¯∂2xψ + ηI
2], (4.6)
q4 =
1
2
∫ +∞
−∞
dx i[3ηI(ψ¯∂xψ − ψ∂xψ¯) + (ψ¯∂3xψ − ψ∂3xψ¯)], (4.7)
q5 =
∫ +∞
−∞
dx {∂2xψ¯∂2xψ + ηI(ψ¯∂2xψ + ψ∂2xψ¯) + 2η2I3 − 4ηI∂xψ¯∂xψ}. (4.8)
Notice that according to the scaling dimension defined in (2.11) the relevant charge densities above (4.3)
possess degree n+ 1, i.e. deg (ψ¯wn) = n+ 1.
The sequence of charges (4.4)-(4.8) can be reproduced from the relevant charges of the deformed model
discussed in the last section, provided that the potential V takes the form V = −ηI2. In fact, the charges
q1, q2 and q3 correspond to the exact conservation laws (3.8), (3.15) and (3.21), respectively. The charge
(3.37), up to the overall factor 12 , corresponds to q4 provided that the anomaly in (3.39)-(3.40) vanishes in
the NLS case. Similarly, the anomaly free charge in (3.55) (λ3 = η) corresponds to the charge q5 in the
standard NLS case.
4.1 Standard NLS and infinite towers of quasi-conservation laws
New towers of infinite number of anomalous charges have also been uncovered in the standard SG and KdV
models in [14] and [15], respectively. In the standard KdV case a particular tower of anomalous charges com-
prises the so-called statistical moments defined by the integrals of type Mn(t) =
∫ +∞
∞
un dx, n = 1, 2, 3, ....,
where u is the KdV field. It has been examined the behavior of these charges for two-soliton interactions,
which are thought to play an important role in the study of soliton gas and turbulence in integrable systems
[19]. In the quasi-integrable KdV model the charges of type Mn remain also as asymptotically conserved
ones [15].
In the following, taking into account the symmetry transformations and the scaling dimension argument
discussed in section 2 we uncover, through a direct construction, novel towers of infinite number of anomalous
conservation laws of the standard NLS model. In particular, we will construct the relevant anomalies
possessing odd parities under the special symmetry transformation (2.8), such that the space-time integration
of them vanish for the N-soliton solutions .
The constructions follow similar steps as in the last section. So, we specialize to the standard NLS model
the generalized quasi-conservation laws provided for the deformed NLS in sec. 3. So, in the corresponding
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equations of sec. 3 the potential and its derivatives must be taken as
V (I) = −ηI2, V (1)(I) = −2ηI and V (2)(I) = −2η. (4.9)
Next, we describe order by order the corresponding charges and their generalizations.
1st order and generalization
The exact first order conservation law (3.1) and its generalized quasi-conservation law (3.4) maintain the
same form, provided that V (I) satisfies (4.9).
2nd order and higher order generalized tower of quasi-conservation laws
The second order exact conservation law (3.8) and the tower of infinite number of generalized quasi-
conservation laws (3.9)-(3.11), n = 2, 3, ..., maintain the same form in the case of the standard NLS.
3rd order and higher order generalized tower
The exact third order conservation law (3.15) and its generalized tower of quasi-conservation laws (3.16)-
(3.18) maintain the same form, provided that (4.9) is assumed.
4th order and higher order generalized tower
The exact fourth order conservation law remain the same as in (3.21) provided that V satisfies (4.9). In
addition, one has the both quasi-conservation laws (3.26) and (3.30) in which one must use (4.9). Then, one
has the equations
d
dt
Kn = δn, n = 1, 2, 3, ...; (4.10)
d
dt
VG = σG, (4.11)
where the anomalies δn and σG have been defined from their deformed counterparts (3.27) and (3.31) by the
replacement V = −ηI2; i.e. δn ≡ δˆn|V=−ηI2 and σG ≡ σˆG|V=−ηI2 .
5th order and generalizations
In this case one has the quasi-conservation laws (3.33) and (3.35) such that (4.9) is assumed. Notice
that similar constructions as in the lower order cases can be made in order to get infinite towers of quasi-
conservation laws even for the standard NLS.
6th order and generalizations
In this case one has the quasi-conservation laws (3.42)-(3.49) such that (4.9) is assumed. So, similar
constructions as above can be made in order to get infinite towers of quasi-conservation laws even for the
standard NLS.
Notice that the potential V (I) and its nth-order derivative, V (n)(I), possess even parity under the parity
transformation (2.7)-(2.8), i.e. P˜[V (I)] = V (I) and P˜ [V (n)(I)] = V (n)(I). So, the main observation is that
all the anomalies of the quasi-conservation laws for the standard NLS (2.9) and the relevant anomalies for
the deformed NLS models of type (2.1) share the same parity under the space-time parity transformation
(2.7)-(2.8).
16
Moreover, the statistical properties of nonlinear integrable systems, generally called integrable turbulence,
is a rapidly developing area of research. In particular, some of the lowest order anomalous charges presented
above have appeared as statistical characteristics of the soliton gas in NLS systems, and their ensemble-
averged values for large number of N−solitons have been examined (see e.g. [20] and refs. therein).
4.2 CPsTd invariant N-bright solitons
The explicit expression of the general N-soliton solution of the standard NLS model has been derived in the
literature using a variety of methods, among them one can mention the direct method [35] and the dressing
method (see [36] and references therein). The Hirota direct method provides [35]
ψN =
√
2
η
fN
gN
(4.12)
fN ≡
∑
µ>
exp (
2N∑
j=1
µjξj +
∑
j<l
µjµlθjl) (4.13)
gN ≡
∑
µ=
exp (
2N∑
j=1
µjξj +
∑
j<l
µjµlθjl) (4.14)
where
ξj =
{ kjx+ ik2j t+ ξ0j , j = 1, 2, ..., N,
k¯jx− ik¯2j t+ ξ¯0j , j = N + 1, ..., 2N ; kN+j ≡ k¯j , ξ0(N+j) ≡ ξ¯0j
(4.15)
exp (θjl) = 2(kj − kl)2, j, l = 1, 2, ..., N (4.16)
exp (θj(N+l)) =
1
2(kj + k¯l)2
, j, l = 1, 2, ..., N (4.17)
θ(N+j)(N+l) = θ¯jl, (4.18)
such that the constant complex parameters kj , ξ0j , j = 1, 2, ..., N are arbitrary.
The summations labeled by µ= and µ> must be done for all permutations µj = {0, 1} such that
N∑
j=1
µj =
N∑
j=1
µN+j (4.19)
and
N∑
j=1
µj = 1 +
N∑
j=1
µN+j , (4.20)
respectively.
The space-time reflection around the origin (2.14) and the space-time translation (2.19) symmetries,
respectively, must be broken in order to construct a subset of solutions possessing the special space-time
symmetry (2.7)-(2.8). The two-soliton solutions satisfying (2.7)-(2.8) have been constructed in [7, 12] for
bright solitons and in [11] for dark solitons. Below we will construct the N-bright soliton solution possessing
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the above symmetry (2.8) or (2.18), i.e.
P˜(ψN−sol) = eiδN ψ¯N−sol, δN = 0. (4.21)
So, in this case the N−soliton solution ψN−sol in (4.21) would satisfy the special space-time reflection
symmetry (2.7)-(2.8) for δ = 0.
The construction proceeds by introducing a set of new functions ηj (j = 1, 2, ...N) [37], as well as the
special point (x∆, t∆), defined by
ξj = kj(x− x∆) + ik2j (t− t∆) + η0j −
1
2
j−1∑
i=1
θij − 1
2
2N∑
i=j+1
θji (4.22)
≡ ηj − 1
2
j−1∑
i=1
θij − 1
2
2N∑
i=j+1
θji. (4.23)
Let us construct the C − Ps − Td symmetric N−bright solitons order by order for the first three cases
(N = 1, 2, 3).
4.2.1 1-bright soliton
Let us write (4.12) for the case N = 1
ψ1sol =
√
2
η
eξ1
1 + eξ1+ξ2+θ12
(4.24)
Next, introducing the new function η1 through (4.22)-(4.23) one has
ξ1 = k1x˜+ ik
2
1 t˜+ η01 −
θ12
2
≡ η1 − θ12
2
; x˜ = x− x∆, t˜ = t− t∆ (4.25)
ξ2 = k¯1x˜− ik¯21 t˜+ η¯01 −
θ12
2
≡ η¯1 − θ12
2
. (4.26)
Then, (4.24) can be written as
ψ1sol =
√
1
2η
e
η1−η¯1−θ12
2 sech(
η1 + η¯1
2
). (4.27)
Taking k1 = k1R + ik1I , the last expression can be rewritten as
ψ1sol =
√
1
2η
e
η01−η¯01−θ12
2 ei[k1I x˜+(k
2
1R−k
2
1I )t˜] sech
[
k1R x˜− 2k1Ik1R t˜+ η01 + η¯01
2
]
. (4.28)
A relationship between the coordinates of the special point (x∆ , t∆) can be determined by defining the
initial position of the soliton, for η01 = η¯01 = 0, to be located at x01 for the initial time t = 0. So the
coordinates (x∆ , t∆) satisfy the relationship x∆ = x01 + 2k1It∆.
Notice that for η01 = η¯01 = 0 one has that ψ1sol satisfies the special space-time symmetry property (2.8),
i.e. ψ¯1sol(x˜, t˜) = ψ1sol(−x˜,−t˜).
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4.2.2 2-bright soliton
The eq. (4.12) for the case N = 2 becomes
ψ2sol =
√
2
η
eξ1 + eξ2 + eξ1+ξ2+ξ3+θ12+θ13+θ23 + eξ1+ξ2+ξ4+θ12+θ14+θ24
1 + eξ1+ξ3+θ13 + eξ1+ξ4+θ14 + eξ2+ξ4+θ24 + eξ2+ξ3+θ23 + e
∑
4
j=1 ξj+
∑
4
j<l θjl
(4.29)
Next, introducing the new functions η1 and η2 through (4.22)-(4.23) one has
ξ1 = k1x˜+ ik
2
1 t˜+ η01 −
θ12 + θ13 + θ14
2
≡ η1 − θ12 + θ13 + θ14
2
; x˜ = x− x∆, t˜ = t− t∆ (4.30)
ξ2 = k2x˜+ ik
2
2 t˜+ η02 −
θ12 + θ23 + θ24
2
≡ η2 − θ12 + θ23 + θ24
2
, (4.31)
ξ3 = k¯1x˜− ik¯21 t˜+ η¯01 −
θ12 + θ13 + θ14
2
≡ η¯1 − θ12 + θ13 + θ14
2
, (4.32)
ξ4 = k¯2x˜− ik¯22 t˜+ η¯02 −
θ12 + θ23 + θ24
2
≡ η¯2 − θ12 + θ23 + θ24
2
, θ34 = θ¯12. (4.33)
Then, (4.29) can be written as
ψ2sol =
√
2
η
×
{ √R2 e η2−η42 cosh (η1+η32 − iϕ22 ) +√R1 e η1−η32 cosh (η2+η42 − iϕ12 )
cosh (η1+η3+η2+η42 ) +
|k1+k¯2|
|k1−k2|2
cosh (η1+η3−η2−η42 ) +
4|k1Rk2R|
|k1−k2|2
cosh (η1−η3−η2+η42 )
}
,(4.34)
R1e
iϕ1 ≡ exp (θ12 + θ13 + θ14), R2eiϕ2 ≡ exp (θ12 + θ23 + θ24); R1 ∈ IR+, R2 ∈ IR+. (4.35)
Taking kj = kjR + ikjI , η0j = η0jR + iη0jI (j = 1, 2), the last expression becomes
ψ2sol =
√
2
η
(
F2
G2
)
(4.36)
F2 ≡
√
R2 e
i[k2I x˜+(k
2
2R−k
2
2I )t˜+η02I ] cosh (k1Rx˜− 2k1Ik1Rt˜+ η01R − iϕ2
2
) + (4.37)√
R1 e
i[k1I x˜+(k
2
1R−k
2
1I )t˜+η01I ] cosh (k2Rx˜− 2k2Ik2Rt˜+ η02R − iϕ1
2
), (4.38)
G2 ≡ cosh [(k1R + k2R)x˜− 2(k1Ik1R + k2Ik2R)t˜+ η01R + η02R] + (4.39)
|k1 + k¯2|
|k1 − k2|2 cosh [(k1R − k2R)x˜− 2(k1Ik1R − k2Ik2R)t˜+ η01R − η02R] + (4.40)
4|k1Rk2R|
|k1 − k2|2 cos [(k1I − k2I)x˜− (k
2
1R − k21I + k22I − k22R)t˜+ η01I − η02I ]. (4.41)
Let us write the conditions for the two solitons to be located some distance apart at t = 0. For η0j =
η¯0j = 0 (j = 1, 2), one imposes the conditions, η1 + η3 = 0 and η2 + η4 = 0, evaluated at the coordinates
(x = x01, t = 0) and (x = x02, t = 0), respectively. These conditions provide a linear system of eqs. which
can be solved for the special coordinates (x∆ , t∆), such that
x∆ =
k1Ix02 − k2Ix01
k1I − k2I (4.42)
t∆ =
1
2
(
x02 − x01
k1I − k2I ). (4.43)
Therefore, for η0j = η¯0j = 0 (j = 1, 2) , one has that P˜(F2) = F¯2, P˜(G2) = G¯2, and so, ψ2sol satisfies the
special space-time symmetry property (2.8), i.e. ψ¯2sol(x˜, t˜) = ψ2sol(−x˜,−t˜).
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4.2.3 3-bright soliton
The eq. (4.12) for the case N = 3 becomes
ψ3sol =
√
2
η
(
f3
g3
)
, (4.44)
where f3 and g3 are provided in appendix C. Similarly as the above constructions, introducing the new
functions ηj (j = 1, 2, 3) through (4.22)-(4.23) one can rewrite g3 and f3 as
g3
2
= e
∑
j ηj
2 G3, (4.45)
f3
2
= e
∑
j ηj
2 F3, (4.46)
where G3 and F3 are provided in the appendix C.
So, the 3-soliton solution can be written as
ψ3sol =
F3
G3
. (4.47)
Let us analyze the properties of the arguments appearing into the exp (.) and cosh (.) functions composing
the expressions of G3 and F3 in (C.12) and (C.14), respectively. Notice that the combinations of type
(ηj+η3+j)
2 (j = 1, 2, 3), are real functions, whereas the type
(ηj−η3+j)
2 (j = 1, 2, 3), are purely imaginary
functions; namely
(η1 − η4)
2
= i
[
k1I x˜+ (k
2
1R − k21I)t˜
]
+
η01 − η¯01
2
,
(η1 + η4)
2
=
[
k1R x˜− 2k1Ik1R t˜
]
+
η01 + η¯01
2
(4.48)
(η2 − η5)
2
= i
[
k2I x˜+ (k
2
2R − k22I)t˜
]
+
η02 − η¯02
2
,
(η2 + η5)
2
=
[
k2R x˜− 2k2Ik2R t˜
]
+
η02 + η¯02
2
(4.49)
(η3 − η6)
2
= i
[
k3I x˜+ (k
2
3R − k23I)t˜
]
+
η03 − η¯03
2
,
(η3 + η6)
2
=
[
k3R x˜− 2k3Ik3R t˜
]
+
η03 + η¯03
2
.(4.50)
Therefore, taking η0j = η¯0j = 0 (j = 1, 2, 3) one has that P˜(F3) = F¯3 and P˜(G3) = G¯3, as can be
directly verified using (C.14) and (C.12), respectively. So, ψ3sol satisfies the special space-time symmetry
property (2.8), i.e. ψ¯3sol(x˜, t˜) = ψ3sol(−x˜,−t˜).
For the 3-soliton solution let us consider a configuration such that each soliton is located some distance
apart from the others at t = 0. So, for η0j = η¯0j = 0 (j = 1, 2, 3), one imposes the conditions, η1 + η4 =
0 , η2+ η5 = 0and η3+ η6 = 0, evaluated at the coordinates (x = x0j , t = 0) (j = 1, 2, 3), respectively. These
conditions provide a linear system of eqs. which can be solved for the special coordinates (x∆ , t∆), i.e.
x∆ =
k1Ix02 − k2Ix01
k1I − k2I (4.51)
t∆ =
1
2
(
x02 − x01
k1I − k2I ). (4.52)
The position of the third soliton at t = 0 becomes x03 =
k1Ix02−k2Ix01+k3I (x01−x02)
k1I−k2I
.
Then, following the above examples for the C−Ps−Td invariantN = 1, 2, 3 solitons, the general expression
(4.12) for N−soliton can be written in terms of C − Ps − Td invariants, such as hyperbolic and exponential
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functions (as in the expressions of G3 and F3, see (C.12) and (C.14)); however the final expression is not
very instructive and we will not present here. So, according to the above constructions, we can show that
the general N−soliton solution (4.12) can be conveniently rewritten in order to satisfy
CP˜
[
ψNsol(x˜, t˜)
]
= ψNsol(x˜, t˜)⇒ C
[
ψNsol(x˜, t˜)
]
= ψNsol(−x˜,−t˜). (4.53)
Notice that, for the above special N−bright soliton solutions sector satisfying (4.53), i.e. for the solutions
invariant under the symmetry C −Ps−Td and which break the space-time translation symmetry (2.19), the
standard NLS (2.9) can be rewritten as
i
∂
∂t˜
ψ(x˜, t˜) +
∂2
∂x˜2
ψ(x˜, t˜) + 2η
[
ψ(−x˜,−t˜)ψ(x˜, t˜)
]
ψ(x˜, t˜) = 0, ψ(x˜, t˜) ∈ C; η > 0, (4.54)
where the space-time translations (2.19), for x0 = −x∆ and t0 = −t∆, have been performed and the second
relationship of (4.53) has been used in the standard NLS eq (2.9).
The equation (4.54) is precisely the one of the list studied in [38, 39], the so-called reverse space-time
nonlocal NLS [39]. So, one can argue that the standard NLS model, in the sector described by N−bright
solitons possessing CPsTd symmetry invariance and broken space-time translation symmetry, belongs to the
family of non-local generalization of the NLS model considered in the recent literature.
New types of non-local integrable models have been introduced in [22] in the context of Alice-Bob KdV
models. In fact, the equation (4.54) belongs to a family of the so-called Alice-Bob NLS (AB-NLS) models
recently introduced in the literature [37]. For example, among the AB-NLS models the following family of
equations have been put forward [37, 40]
i∂tA+ ∂
2
xA+
1
2
η(A +B)[2AA¯+ B¯(A−B)] = 0 (4.55)
B = fˆk(A), fˆk ≡ {P , CT , CPT }. (4.56)
In fact, the model (4.54) belongs to the above system (4.55)-(4.56), in the N−soliton sector of the model,
provided that the operator fˆ3 is taken into account, i.e. B = CPT (A).
Regarding the quasi-conservation laws of the standard NLS described in section 4.1 one must conclude
that all the anomalies will vanish upon integration in space-time for the N-soliton satisfying (4.53), since the
relevant anomaly densities possess odd parities for soliton configurations satisfying the parity symmetry (2.8).
Consequently, their associated charge densities will be asymptotically conserved charges of the standard NLS
model. So, the above results show an example of an analytical, and not only numerical, demonstration of
the vanishing of the space-time integrals of the anomalies associated to the infinite towers of infinitely many
quasi-conservation laws in soliton theory.
We believe that, for deformed NLS models, the existence of asymptotically conserved charges associated
to infinite towers of infinitely many quasi-conservation laws reflects, as in the integrable soliton theories, in
the special dynamics of the deformed model, in such a way that the solitary wave solutions emerge from the
scattering region basically as they have entered it.
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The above patterns will be qualitatively reproduced below in our numerical simulations of the relevant
anomalies for the 2-bright soliton interactions of the deformed NLS model (2.5), for a variety of soliton
configurations and a wide range of values of the deformation parameter ǫ.
According to the Liouville’s integrability criterion one must have an infinite number of conservation
laws whose conserved charges are in involution [1, 2]. In this context, the existence of the novel towers of
asymptotically conserved charges as above, even in the standard NLS model, is restricted to special soliton
configurations satisfying the symmetry property (2.8). Even though those anomalous charges are infinitely
many, one can not use them in order to match to the number of degrees of freedom of the NLS model. In
fact, the true conserved charges hold for general field configurations, being solitonic or not. So far, the only
explanation, which we have put forward above, for the relationship between the anomalous charges and the
set of true conserved charges of the standard NLS model is the mechanism of anomaly cancellation in order
to construct an exact conservation law out of the relevant quasi-conservation laws. The consequences for the
dynamics of the solitons of the deformed model and their mutual interactions remain to be investigated.
In the context of harmonic analysis it has been introduced the method of almost conservation laws (I-
method) for integrable systems [41]. In particular, it has been considered the KdV model and provided a
proof on how the so-called almost conservation laws can be used to recover infinitely many conserved charges
that make the model an integrable system. We hope our results to be useful for some analysts in order to
establish more definitive statements about the role played by the above asymptotically conserved charges
for general field configurations and, then, provide some clarifications on the properties of the deformations
of integrable systems.
5 Numerical simulations
In this section we will compute the space and space-time integrals of the anomaly densities αˆ1, βˆ2, γˆ2 and
δˆ1, appearing in (3.3), (3.12), (3.17) and (3.25), respectively, for three type of two-soliton collisions in the
deformed NLS model (2.5). The deformed NLS model (2.1) with potential (2.4) possesses a solitary wave
solution (2.6). Then, we will take two one-bright solitary waves located some distance apart as the initial
condition for our numerical simulations. So, the collision of bright solitons in the deformed NLS equation
(2.1) will be simulated numerically by considering the initial condition ψ0(x, 0) defined as
ψ0(x, 0) =
[2 + ǫ
2η
ρ21
cosh2 [(1 + ǫ)ρ1(x− x01)]
] 1
2(1+ǫ)
ei
v1
2 x +
[2 + ǫ
2η
ρ22
cosh2 [(1 + ǫ)ρ2(x− x02)]
] 1
2(1+ǫ)
ei
v2
2 x,(5.1)
where two one-bright soliton solutions of the deformed NLS model have been located at x01 and x02, re-
spectively. Notice that for equal amplitudes ρ1 = ρ2 and equal and opposite velocities v1 = −v2 one has a
space-reflection symmetric complex function, ψ0(−x) = ψ0(x), provided that x01 = −x02 = x∆.
The domain of simulation in the x−coordinate is considered to be D = [−L,L] with L = 15, mesh size
h = 0.017 and time step τ = 0.00011. The length L is chosen such that the effect of the extreme regions
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near the points x = ±L do not interfere the dynamics of the solitons, i.e. the boundary conditions (2.3) are
satisfied for each time step. In our numerical simulations we have used the so-called time-splitting cosine
pseudo-spectral finite difference (TSCP) method [24, 25].
The two solitons are initially centered at x01 and x02, respectively. Notice that the direction of motion
of each soliton is related to the sign of its phase slope. In addition, we will consider initially well-separated
solitons, such that the parameters difference (x01 − x02) is chosen to be several times the width of the
solitons (∼ 1(1+ǫ)ρi , i = 1, 2) and (x01 − x02) < 2L. So, the initial condition considers two deformed NLS
bright solitary waves which are stitched together at the middle point, and then we allow the scattering of
them, absorbing the radiation at the edges of the grid. It amounts to maintain the vanishing boundary
conditions (2.3) at the edges of the grid for each time step of the numerical simulation.
5.1 Two-bright solitons: different amplitudes and opposite velocities
Let us consider two solitons initially centered at ±x0 (x0 > 0), the soliton centered initially at −x0 (t = 0)
moves to the right with velocity v2 > 0, whereas the soliton initially (t = 0) centered at x0 travels to the left
with velocity (v1 < 0). In the Fig.1 one presents the numerical simulation for the collision of two solitons
with amplitudes |ψ1| = 6.83 and |ψ2| = 4.44 and velocities v2 = −v1 = 10 for ǫ = −0.06 and x0 = 6.
In the Fig. 2 we present the simulations for the anomaly density αˆ1 (3.3) for the two soliton collision of
Fig. 1. In the top figures we plot the density anomaly as follows: in the top-left side one plots this density
for three successive times, ti, before collision (green), tc, collision (blue ), and, tf , after collision (red) times,
respectively; whereas, in the top-right side we plot the density for the collision time tc. In the bottom figures
we present the anomaly integrals versus t. In the bottom left side it is plotted the x−integration of the
anomaly versus t; whereas in the bottom right side it is plotted the (x, t)−integration of the anomaly versus
t. Notice that the (x, t)−integration of the anomaly αˆ1 vanishes, within numerical accuracy. In fact, the
bottom right side of Fig. 2 shows a vanishing function of time with an error of order 10−9.
In the Fig. 3 we present the simulations for the anomaly density βˆ2 (3.12) for the two soliton collision of
Fig. 1. In the top-left one plots the anomaly density for three successive times, ti, before collision (green),
tc, collision (blue ), and, tf , after collision (red) times, respectively. In the top right figure we present the
x−integration of the anomaly versus t; whereas in the bottom right side it is plotted the (x, t)−integration
of the anomaly versus t. Notice that the (x, t)−integration of the anomaly βˆ2 vanishes, within numerical
accuracy. In fact, the bottom right side of Fig. 3 shows a vanishing function of time with an error of order
10−14.
In the Fig. 4 we present the simulations for the anomaly density γˆ2 (3.17) for the two soliton collision of
Fig. 1. In the top-left we present the anomaly density for three successive times, ti, before collision (green),
tc, collision (blue ), and, tf , after collision (red) times, respectively. In the top right figure we present the
x−integration of the anomaly versus t; whereas in the bottom right side it is plotted the (x, t)−integration
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Figure 1: (color online) 2-bright solitons with amplitudes |ψ1| = 6.83 and |ψ2| = 4.44 and velocities
v2 = −v1 = 10 for ǫ = −0.06, for initial (green), collision (blue) and final (red) successive times.
of the anomaly versus t. Notice that the (x, t)−integration of the anomaly γˆ2 vanishes, within numerical
accuracy. In fact, the bottom right side of Fig. 4 shows a vanishing function of time with an error of order
10−7.
Similarly, in the Fig. 5 we present the simulations for the anomaly density δˆ1 (3.25) for the two soliton
collision of Fig. 1. In the top-left we present the anomaly density for three successive times, ti, before
collision (green), tc, collision (blue ), and, tf , after collision (red) times, respectively. In the top right figure
we present the x−integration of the anomaly versus t; whereas in the bottom right side it is plotted the
(x, t)−integration of the anomaly versus t. Notice that the (x, t)−integration of the anomaly δˆ1 vanishes,
within numerical accuracy. In fact, the bottom right side of Fig. 5 shows a vanishing function of time with
an error of order 10−9.
5.2 Two-bright solitons: equal amplitudes and opposite velocities
Let us consider two solitons with equal amplitudes initially centered at ±x0 (x0 > 0), the soliton centered
initially at −x0 (t = 0) moves to the right with velocity v > 0, whereas the soliton initially (t = 0) centered
at x0 travels to the left with velocity (−v). In the Fig. 6 one presents the numerical simulation for the
collision of two solitons with amplitudes |ψ1| = |ψ2| = 6.83 and velocities v2 = −v1 = 10 for ǫ = −0.06 and
x0 = 6.
In the Fig. 7 we present the simulations for the anomaly density αˆ1 (3.3) for the two soliton collision of
Fig. 6. In the left figure we plot the density anomaly for three successive times, ti, before collision (green),
tc, collision (blue ), and, tf , after collision (red) times, respectively. In the middle figure it is plotted the
x−integration of the anomaly versus t; whereas in the right figure it is plotted the (x, t)−integration of the
anomaly versus t. Notice that the (x, t)−integration of the anomaly αˆ1 vanishes, within numerical accuracy,
with an error of order 10−8.
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Figure 2: (color online) Top figures show the anomaly αˆ1 vs x for the 2-soliton collision of Fig. 1.
Top left shows the initial (green), collision (blue) and final (red) times of the density profile. The top
right shows the anomaly density profile for collision time. Bottom left shows the plot
∫
αˆ1dx vs t
and the bottom right shows the plot
∫
dt
∫
dx αˆ1 vs t.
Figure 3: (color online) Top left shows the profile at initial (green), collision (blue) and final (red)
times of the anomaly density βˆ2 for the 2-soliton collision of Fig. 1. The top right shows the plot∫
βˆ2dx vs t and the bottom right shows the plot
∫
dt
∫
dx βˆ2 vs t.
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Figure 4: (color online)Top left shows the profile at initial (green), collision (blue) and final (red)
times of the anomaly density γˆ2 for the 2-soliton collision of Fig. 1 . The top right shows the plot∫
γˆ2dx vs t and the bottom right shows the plot
∫
dt
∫
dx γˆ2 vs t.
Figure 5: (color online) Top left shows the profile at initial (green), collision (blue) and final (red)
times of the anomaly density δˆ1 for the 2-soliton collision of Fig. 1. The top right shows the plot∫
δˆ1dx vs t and the bottom right shows the plot
∫
dt
∫
dx δˆ1 vs t.
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Figure 6: (color online) Two-bright solitons with equal amplitudes and (opposite) velocites for initial
(green), collision (blue) and final (red) succesive times.
In the Fig. 8 we present the simulations for the anomaly density βˆ2 (3.12) for the two soliton collision
of Fig. 6. In the left it is plotted the anomaly density for three successive times, ti, before collision (green),
tc, collision (blue ), and, tf , after collision (red) times, respectively. In the middle figure it is plotted the
x−integration of the anomaly versus t; whereas in the right figure it is plotted the (x, t)−integration of the
anomaly versus t. Notice that the (x, t)−integration of the anomaly βˆ2 vanishes, within numerical accuracy,
with an error of order 10−14.
In the Fig. 9 we present the simulations for the anomaly density γˆ2 (3.17) for the two soliton collision
of Fig. 6. In the left it is plotted the anomaly density for three successive times, ti, before collision (green),
tc, collision (blue ), and, tf , after collision (red) times, respectively. In the middle figure it is plotted the
x−integration of the anomaly versus t; whereas in the right figure it is plotted the (x, t)−integration of the
anomaly versus t. Notice that the (x, t)−integration of the anomaly γˆ2 vanishes, within numerical accuracy,
with an error of order 10−7.
Similarly, in the Fig. 10 we present the simulations for the anomaly density δˆ1 (3.25) for the two soliton
collision of Fig. 6. In the left it is plotted the anomaly density for three successive times, ti, before collision
(green), tc, collision (blue ), and, tf , after collision (red) times, respectively. In the middle figure it is plotted
the x−integration of the anomaly versus t; whereas in the right figure it is plotted the (x, t)−integration of
the anomaly versus t. Notice that this space-time integration vanishes, within numerical accuracy, with an
error of order 10−9.
5.3 Two-bright solitons: different amplitudes and positive velocities
Let us consider the collision of two solitons with different amplitudes initially centered at x01 = −10 and
x02 = −5), traveling with positive velocities v1 = 12, v2 = 6. The Fig. 11 shows the numerical simulation
for the collision of two solitons with amplitudes |ψ1| = 6.83, |ψ2| = 4.446 for ǫ = −0.06.
In the Fig. 12 we present the simulations for the anomaly density αˆ1 (3.3) for the two soliton collision of
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Figure 7: (color online) Left figure shows the density profile of anomaly αˆ1 vs x for the 2-soliton
collision of Fig. 6 for initial (green), collision (blue) and final (red) times. Middle figure shows the
plot
∫
αˆ1dx vs t and the right shows the plot
∫
dt
∫
dx αˆ1 vs t.
Figure 8: (color online)Left figure shows the profile of anomaly βˆ2 vs x for the 2-soliton collision
of Fig. 6 for initial (green), collision (blue) and final (red) times. Middle figure shows the plot∫
βˆ2dx vs t and the right shows the plot
∫
dt
∫
dx βˆ2 vs t.
Figure 9: (color online)Left figure shows the profile of the anomaly γˆ2 vs x for the 2-soliton collision
of Fig. 6 for initial (green), collision (blue) and final (red) times. Middle figure shows the plot∫
γˆ2dx vs t and the right shows the plot
∫
dt
∫
dx γˆ2 vs t.
Figure 10: (color online)Left figure shows the profile of anomaly δˆ1 vs x for the 2-soliton collision
of Fig. 6 for initial (green), collision (blue) and final (red) times. Middle figure shows the plot∫
δˆ1dx vs t and the right shows the plot
∫
dt
∫
dx δˆ1 vs t.
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Fig. 11. In the left figure we plot the density anomaly for three successive times, ti, before collision (green),
tc, collision (blue ), and, tf , after collision (red) times, respectively. In the middle figure it is plotted the
x−integration of the anomaly versus t; whereas in the right figure it is plotted the (x, t)−integration of the
anomaly versus t. The (x, t)−integration of this anomaly vanishes, within numerical accuracy, with an error
of order 10−10.
In the Fig. 13 we present the simulations for the anomaly density βˆ2 (3.12) for the two soliton collision
of Fig. 11. In the left it is plotted the anomaly density for three successive times, ti, before collision (green),
tc, collision (blue ), and, tf , after collision (red) times, respectively. In the middle figure it is plotted the
x−integration of the anomaly versus t; whereas in the right figure it is plotted the (x, t)−integration of the
anomaly versus t. Notice that the (x, t)−integration of this anomaly vanishes, within numerical accuracy,
with an error of order 10−16.
In the Fig. 14 we present the simulations for the anomaly density γˆ2 (3.17) for the two soliton collision
of Fig. 11. In the left it is plotted the anomaly density for three successive times, ti, before collision (green),
tc, collision (blue ), and, tf , after collision (red) times, respectively. In the middle figure it is plotted the
x−integration of the anomaly versus t; whereas in the right figure it is plotted the (x, t)−integration of the
anomaly versus t. The (x, t)−integration of this anomaly vanishes, within numerical accuracy, with an error
of order 10−8.
Finally, in the Fig. 15 we present the simulations for the anomaly density δˆ1 (3.25) for the two soliton
collision of Fig. 11. In the left it is plotted the anomaly density for three successive times, ti, before collision
(green), tc, collision (blue ), and, tf , after collision (red) times, respectively. In the middle figure it is plotted
the x−integration of the anomaly versus t; whereas in the right figure it is plotted the (x, t)−integration of
the anomaly versus t. The (x, t)−integration of this anomaly vanishes, within numerical accuracy, with an
error of order 10−10.
Some comments are in order here. First, in our numerical simulations of the 2-soliton collisions of the
deformed model (2.5) we have not observed appreciable emission of radiation during the collisions; so, it
can be argued that the linear superposition of two solitary waves (2.6) of the deformed NLS model is an
adequate initial condition, as compared to the explicit 2-soliton, or alternatively, to two one-solitons stitched
together of the standard NLS model, which could have been taken as initial conditions. Second, we have
shown the vanishing of the space-time integrals of the anomaly densities αˆ1, βˆ2, γˆ2 and δˆ1, appearing in (3.3),
(3.12), (3.17) and (3.25), respectively, within numerical accuracy, for three type of two-soliton collisions in
the deformed NLS model (2.5). In fact, the space and space-time integrals of the anomaly densities vanish
within the errors less than 10−4 and 10−6, respectively; and sometimes, within the approximations 10−11 and
10−15, respectively. Third, we have performed extensive numerical simulations for a wide range of values in
the parameter space; i.e. the deformation parameter |ǫ| < 1 and coupling constant η ≈ 1, several amplitudes
and relative velocities for 2-soliton collisions, obtaining the vanishing of those anomalies, within numerical
accuracy.
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Figure 11: (color online) Two-bright solitons with amplitudes |ψ1| = 6.83, |ψ2| = 4.446 and velocities
v1 = 12, v2 = 6, and ǫ = −0.06, for initial (green), collision (blue) and final (red) succesive times.
Figure 12: (color online)Left figure shows the profile of anomaly αˆ1 vs x for the 2-soliton collision
of Fig. 11 for initial (green), collision (blue) and final (red) times. Middle figure shows the plot∫
αˆ1dx vs t and the right shows the plot
∫
dt
∫
dx αˆ1 vs t.
Figure 13: (color online)Left figure shows the profile of anomaly density βˆ2 vs x for the 2-soliton
collision of Fig. 11 for initial (green), collision (blue) and final (red) times. Middle figure shows the
plot
∫
βˆ2dx vs t and the right shows the plot
∫
dt
∫
dx βˆ2 vs t.
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Figure 14: (color online)Left figure shows the profile of anomaly γˆ2 vs x for the 2-soliton collision
of Fig. 11 for initial (green), collision (blue) and final (red) times. Middle figure shows the plot∫
γˆ2dx vs t and the right shows the plot
∫
dt
∫
dx γˆ2 vs t.
Figure 15: (color online)Left figure shows the profile of anomaly δˆ1 vs x for the 2-soliton collision
of Fig. 11 for initial (green), collision (blue) and final (red) times. Middle figure shows the plot∫
δˆ1dx vs t and the right shows the plot
∫
dt
∫
dx δˆ1 vs t.
These developments strongly suggest that the quasi-integrable models set forward in the literature [4, 5, 7,
11, 12, 6, 10, 15], and in particular the deformed NLS model (2.1), would possess more specific integrability
structures, such as an infinite set of exactly conserved charges, and some type of Lax pairs for certain
deformed potentials. In this context, the Riccati-type representations have recently been presented for the
deformed KdV and sine-Gordon models [15, 14]. So, in the following we will tackle the problem of extending
the Riccati-type pseudo-potential formalism, which has been used for a variety of well known integrable
systems, to the deformed NLS model (2.1).
6 Riccati-type pseudo-potential and modified sl(2) AKNS model
The standard NLS model can be obtained as a special reduction of the AKNS system; so, in the next sections
we consider a convenient deformation of the usual pseudo-potential approach to the AKNS integrable field
theory. Subsequently, we will discuss its reduction process leading to the modified NLS model. In [26] it has
been generated the both Lax equations and Backlund transformations for well-known non-linear evolution
equations using the concept of pseudo-potentials and the related properties of the Riccati equation. These
applications have been done in the context of a variety of integrable systems (sine-Gordon, KdV, NLS, etc),
and allow the Lax pair formulation, the construction of conservation laws and the Backlund transformations
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for them [26, 42].
So, let us consider the system of Riccati-type equations
∂xu = −2iζ u+ q + q¯ u2, (6.1)
∂tu = 2Au− C u2 +B + r − u s, (6.2)
where u is the Riccati-type pseudo-potential, r and s are auxiliary fields, and q and q¯ are the fields of the
model. Let us assume
A ≡ −2iζ2 − 1
2
i V (1), (6.3)
B ≡ 2ζq + i∂xq, (6.4)
C ≡ −2ζq¯ + i∂xq¯, V (1) ≡ dV [ρ]
dρ
, ρ ≡ q¯q, (6.5)
where V (q¯q) is the potential of the modified AKNS equation (MAKNS) and ζ is the spectral parameter. We
consider the following equations for the auxiliary fields r(x, t) and s(x, t)
∂xr = q s+ (−2iζ +Qu) r, (6.6)
∂xs = Qr − 2 q¯ r + uq¯ s+ 2iX, (6.7)
X ≡ −∂x
(
1
2
V (1) + q¯q
)
, (6.8)
where Q is an arbitrary field. So, one has a set of two deformed Riccati-type equations for the pseudo-
potential u (6.1)-(6.2) and a system of equations (6.6)-(6.7) for the auxiliary fields r and s.
Notice that, for the integrable AKNS model one has the potential
VNLS(q¯q) = − (q¯q)2 → V (1)NLS(q¯q) = −2(q¯q), (6.9)
and, therefore, X = 0 in (6.8), and so the auxiliary system of eqs. (6.6)-(6.7) possesses the trivial solution
r = s = 0. Inserting this trivial solution into the system (6.1)-(6.2) and considering the potential (6.9), one
has a set of two Riccati equations for the standard AKNS model and they play an important role in order
to study its properties, such as the derivation of the infinite number of conserved charges and the Backlund
transformations, relating the fields (q, q¯) with another set of solutions (q′, q¯′) [42].
Note that only the t−component ∂tu of the Riccati equation associated to the ordinary AKNS equation
has been deformed away from the AKNS potential (6.9), and it carries all the information regarding the
deformation of the model which are encoded in the potential V (q¯q) and the auxiliary fields r(x, t) and s(x, t).
The form of the x−component ∂xu remains the same as the usual Riccati equation associated to the AKNS
model.
We have computed the compatibility condition [∂t∂xu− ∂x∂tu] = 0 for the Riccati-type equations (6.1)-
(6.2), taking into account the auxiliary system of equations (6.6)-(6.7) and then derived the eqs. of motion
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for the fields q and q¯
i∂tq + ∂
2
xq − V (1)q = 0, (6.10)
−i∂tq¯ + ∂2xq¯ − V (1)q¯ = 0. (6.11)
This is a modified sl(2) AKNS system (MAKNS) for arbitrary potential of type V (q¯q). An important
observation in the constructions above is that ∂∂tζ = 0, as it can be checked by direct computation using
the system (6.1)-(6.2) and (6.6)-(6.7), provided that the system of eqs. (6.10)-(6.11) is satisfied. So, the
modified system MAKNS possesses an isospectral parameter ζ.
The standard NLS model (2.9) can be obtained provided that the identifications
q ≡ i(−η)1/2 ψ, q¯ ≡ −i(−η)1/2 ψ¯, η ∈ IR (6.12)
are performed, where ψ¯ stands for complex conjugation of the field ψ and the potential and its derivatives
are taken as in (4.9). This is a process, we have just mentioned above, through which the standard NLS
model is obtained as a special reduction of the AKNS system.
Let us emphasize that for the standard NLS model we have the trivial solution of the system (6.6)-(6.7),
i.e. X = 0→ r = s = 0, and the existence of the Lax pair of de ordinary NLS model reflects in its equivalent
Riccati-type representation, provided by the system (6.1)-(6.2) with the well known potential (4.9) [26, 42].
We define the quasi-integrable MAKNS model for field configurations q and q¯ satisfying (6.10)-(6.11)
such that the fields and the deformed potential transform under the space-time transformation (2.7) as
P˜(q) = q¯, P˜(q¯) = q, and P˜[V (ρ)] = V (ρ). (6.13)
Under this transformation one has that X from (6.8) becomes an odd function
P˜(X) = −X. (6.14)
Next, let us discuss the relevant conservation laws in the context of the Riccati-type system (6.1)-(6.2)
and the auxiliary equations (6.6)-(6.7). So, substituting the expression for u2 from (6.1) into (6.2) and
considering (6.6)-(6.7), one gets the following relationship
∂t[iq¯ u]− ∂x
[
2iζq¯ u− q¯q + u ∂xq¯
]
= iq¯(r − s u). (6.15)
Defining the r.h.s. of (6.15) as
χ ≡ iq¯(r − s u), (6.16)
and using the system (6.1)-(6.2) and the auxiliary equations (6.6)-(6.7) one can write a first order differential
equation for the auxiliary field χ
∂xχ =
(
−2iζ + 2uq¯ + ∂xq¯
q¯
)
χ+ 2q¯ uX. (6.17)
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The eqs. (6.15) and (6.17) will be used below in order to uncover an infinite tower of quasi-conservation
laws associated to the modified AKNS model (6.10)-(6.11). We will construct the relevant charges order by
order in powers of the parameter ζ. So, let us consider the expansions
u =
∞∑
n=1
un ζ
−n, χ =
∞∑
n=1
χnζ
−n−1. (6.18)
The coefficients un of the expansion above can be determined order by order in powers of ζ from the
Riccati equation (6.1). In appendix A we provide the recursion relation for the un
′s and the expressions for
the first un. Likewise, using the results for the un
′s we get the relevant expressions for the χn
′s from (6.17).
The first components χn are provided in appendix B.
Then, making use of the un and χn components of the expansions of u and χ, respectively, provided in
(6.18), one can find the conservation laws, order by order in powers of ζ. So, by inserting those expansions
into the eq. (6.15) one has that the coefficient of the n′th order term becomes
∂ta
(n)
x + ∂xa
(n)
t = χn−1, n = 0, 1, 2, 3, ....; χ0 ≡ 0 (6.19)
a(n)x ≡ iq¯ un, a(n)t ≡ − (2iq¯ un+1 − q¯q δ0,n + ∂xq¯ un) , u0 ≡ 0. (6.20)
Notice that making the substitution χn−1 ≡ 0 into the eq. (6.19) one can get the tower of exact conservation
laws of the usual AKNS system. A truly conservation law character of this equation, at each order n, remains
to be clarified, since the field components χn−1 in the r.h.s. of (6.19), as they can be seen in the appendix B,
do not present the adequate forms to be directly incorporated into the l.h.s. of the conservation laws. We will
tackle this construction order by order for each χn−1 component. Notice that analogous quasi-conservation
laws have been obtained in the context of the anomalous zero-curvature formulation of the modified NLS
model and its associated anomalous Lax pair in [7].
We will show below that the r.h.s. of (6.19) for χ1, χ2 and χ3 can be written in the form χj ≡ ∂xχxj +∂tχtj ,
with χxj and χ
t
j being certain local functions of {q¯, q, V } and their x and t−derivatives; i.e. there exist local
expressions for some χj (j = 1, 2, 3), such that the eq. (6.19) provides a proper local conservation law.
Let us compute the charges order by order in n using the eq. (6.19) and the relevant expressions presented
in the appendices A and B.
The zero’th order provides a trivial identity.
The order n = 1 and the field normalization
In this case the anomaly is trivial χ0 = 0. So, one has
∂t
(
1
2
q¯q
)
− ∂x
(
1
2
iq¯∂xq − 1
2
iq∂xq¯
)
= 0. (6.21)
It provides the conserved charge
N =
∫
dx q¯q (6.22)
The order n = 2 and momentum conservation
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At this order one has
∂t
(
1
4
iq¯∂xq
)
+ ∂x
(
1
4
[(q¯q)2 + q¯∂2xq − ∂xq¯∂xq]
)
= χ1. (6.23)
The function χ1 can be rewritten as
χ1 =
1
2
∂x[F (ρ)], ρ ≡ q¯q. (6.24)
F (ρ) ≡ 1
2
ρ
d
dρ
V (ρ)− 1
2
V (ρ) +
1
2
ρ2. (6.25)
So, from (6.23), taking into account (6.24), one can write the conserved charge
P = i
∫
dx (q¯∂xq − q∂xq¯) (6.26)
The order n = 3 and energy conservation
One has the conservation law
∂t[−1
8
(q¯q)2 − 1
8
q¯∂2xq]− ∂x (2iq¯u4 + ∂xq¯u3) = χ2. (6.27)
The function χ2 can be rewritten as
χ2 ≡ −1
8
∂tV − 1
8
∂t(q¯q)
2 − 1
4
i∂x
[
Xq¯q −X(q∂xq¯ − q¯∂xq)
]
. (6.28)
So, (6.27) provides the conserved charge
HMNLS =
∫
dx [ ∂xq¯∂xq + V (q¯q) ]. (6.29)
Notice that in order to get the identity (6.28) we have used the eqs. of motion (6.10)-(6.11). Since we
have considered χ2 6= 0 in the r.h.s. of (6.27), which carries the effect of the modified potential, the
expression of the energy (6.29) is valid for the general MNLS model. In particular, for the ordinary AKNS
the energy follows directly from the l.h.s. of (6.27) (provided that χ2 = 0 in the r.h.s. of that eq.), i.e.
HNLS =
∫
dx [ ∂xq¯∂xq + VNLS(q¯q) ], where VNLS = −(q¯q)2 as in (6.9).
The order n = 4: A first trivial charge and its associated anomalous charge
One has
∂t
(
− 3
16
iq¯qq¯∂xq − 1
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i∂x(q¯q)
2 − 1
16
iq¯∂3xq
)
− ∂x[2iq¯ u5 + ∂xq¯ u4] = χ3. (6.30)
Remarkably, the expression for χ3 can be written as
χ3 ≡ ∂x[χ(3)x ] + ∂t[χ(3)t ], (6.31)
χ
(3)
t = −
3
16
iq¯qq¯∂xq − 1
16
iq¯∂3xq, (6.32)
χ(3)x =
3
8
Xq¯∂xq +
3
8
H1(ρ) +
1
8
q¯q∂xX − 1
8
X∂x(q¯q)− 1
16
[∂x(q¯q)]
2 +
3
8
q¯q∂xq¯∂xq − 3
8
H2(ρ) +
3
32
iq¯∂tq
2 − 1
16
V (1)
(
q∂2xq¯ + q¯∂
2
xq
)
+
1
16
V (1)∂xq∂xq¯ +
1
16
i[∂tq∂
2
xq¯ − ∂x∂tq∂xq¯ + q¯∂t∂2xq]. (6.33)
d
dρ
H1(ρ) ≡ −(V (2)/2 + 1)ρ2, d
dρ
H2(ρ) ≡ ρV (1), ρ ≡ q¯q, (6.34)
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Therefore, at this order, the eq. (6.30) can be written as an exact conservation law. However, taking
into account the term ∂tχ
(3)
t of χ3 in (6.31)-(6.32) and the relevant terms in the l.h.s. of (6.30) with partial
t−derivatives one gets a fourth order trivial charge Q(4) = 0, provided that the surface term ∼ ∂x(q¯q)2 is
dropped, since upon integration in x in order to define the charge it vanishes for suitable boundary conditions.
So, at this order of the above formulation, the charge Q(4) trivially vanishes.
However, at this order and in the higher order ones, one can define an asymptotically conserved charge
for the MAKNS model
Q(4)a =
i
2
∫
dx
[
3q¯q (q¯∂xq − q∂xq¯) + q¯∂3xq − q∂3xq¯
]
, (6.35)
such that
d
dt
Q(4)a = τˆ (6.36)
τˆ = −8
∫
dxχ3, (6.37)
= −
∫
dx [3(q¯q)2X + q¯q∂2xX − 3∂xq¯∂xqX ], (6.38)
where in (6.37) the expression of χ3 from (B.7) must be inserted and the final form of the anomaly density in
(6.38 ) is obtained by dropping a surface term. Notice that the anomaly density in (6.38) possesses an odd
parity under (2.7) and (6.13) taking into account that X is an odd function according to (6.14). Therefore,
one has
∫
dt
∫
dxχ3 = 0 implying the asymptotically conservation of the charge Q
(4)
a .
The charge Q
(4)
a in (6.35) takes the same form as the fourth order charge in the standard AKNS model.
In fact, when the r.h.s. of (6.30) vanishes, i.e. χ3 = 0, one has a charge similar in form to the one in (6.35),
conveniently rewritten by discarding surface terms. Taking into account the reduction process (6.12) one can
get a similar anomalous charge for the MNLS model, as presented in [7, 11, 12]. In fact, upon the reduction
(6.12) the anomalous charge Q
(4)
a in (6.35) corresponds to the one for the MNLS model in (3.37).
The order n = 5 and the quasi-conserved charge
At this order one has
1
32
∂t
[
2(q¯q)3 + 5q¯2(∂xq)
2 + 6q¯q
(
∂xq∂xq¯ + q¯∂
2
xq
)
+ q¯q2∂2xq¯ + q¯∂
4
xq
]
− ∂x[2iq¯ u6 + ∂xq¯ u5] = χ4. (6.39)
Likewise, the expression for χ4 can be written as
χ4 ≡ ∂x[χ(4)x ] +
1
16
∂t[Z(ρ)] + β1, (6.40)
χ(4)x =
i
16
{
Z(1)(ρ)(q∂xq¯ − q¯∂xq) + 6q¯∂2xqX + 4q¯∂xq∂xX − 4∂x(q¯∂xq)X − ∂x(q¯q)∂xX + ∂2x(q¯q)X +
q¯q∂2xX − (
1
2
V (1) + q¯q)[−6∂x(q¯∂2xq) + 4∂2x(q¯∂xq) + 4q¯∂3xq − ∂3x(q¯q)]
}
β1 =
i
32
(
2q¯q
V (1)
+ 1
)(
q¯∂4xq − q∂4xq¯
)
V (1) (6.41)
d
dρ
Z(ρ) ≡ 6
∫ ρ
ρ0
ρˆ[
1
2
V (2)(ρˆ) + 1] dρˆ, (6.42)
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where the function β1 defines the anomaly associated with the quasi-conservation law (6.39). Let us write
the next identity
(
q¯∂4xq − q∂4xq¯
)
V (1) =
[
(−i∂tq¯ + ∂2xq¯)∂4xq − (i∂tq + ∂2xq)∂4xq¯
]
(6.43)
=
[
∂xM− i∂t(q¯∂4xq)
]
(6.44)
M ≡ ∂2xq¯∂3xq − ∂3xq¯∂2xq − i∂3xq¯∂tq + i∂2xq¯∂x∂tq − i∂xq¯∂2x∂tq + iq¯∂3x∂tq, (6.45)
which is derived by using the eqs. of motion (6.10)-(6.11). Therefore, using (6.44) the anomaly β1 can be
written as
β1 =
1
32
(
2q¯q
V (1)
+ 1
)[
∂xM− i∂t(q¯∂4xq)
]
. (6.46)
Next, taking into account the relevant terms of χ4 in (6.40) and the terms in the l.h.s. of (6.39) with
partial t−derivatives and discarding the boundary terms with partial x−derivatives one can define the fifth
order quasi-conserved charge
d
dt
Q(5)a =
∫
dxβ1, (6.47)
Q(5)a ≡
1
32
∫
dx
[
2(q¯q)3 − 8q¯q∂xq∂xq¯ − q¯2(∂xq)2 − q2(∂xq¯)2 + ∂2xq¯∂2xq − 2Z(ρ)
]
, (6.48)
where the anomaly β1 can take the form (6.41) or, alternatively, the form (6.46). Notice that the form of
the anomaly in (6.41) possesses an odd parity under (2.7) and (6.13). Therefore, one has
∫
dt
∫
dxβ1 = 0
implying the asymptotically conservation of the charge Q
(5)
a .
Therefore, the fifth order eq. (6.39) has been written as a quasi-conservation law. Through the reduction
process (6.12) one can get an anomalous charge and its relevant anomaly β1 at this order for the MNLS model,
as presented in [7, 11, 12]. In fact, upon the reduction (6.12) the anomalous charge Q
(5)
a in (6.47)-(6.48) can
be identified, dropping surface terms, to the one for the MNLS model in (3.52) and (3.54).
Notice that, in the usual AKNS limit, i.e. when V (1) = −2q¯q and V (2) = −2 for the AKNS potential as
in (6.9), the factor
(
2q¯q
V (1)
+ 1
)
of the anomaly β1 in (6.41) vanishes, and the term Z(ρ) in the density of the
charge (6.48) can be set to zero (see (6.42)). Therefore, the quasi-conserved charge Q
(5)
a in (6.47) becomes
the fifth order charge Q(5) of the usual AKNS model. Actually, in this limit one has that χ4 = 0 for X = 0
(see B.7), then the r.h.s. of (6.39) vanishes, and so, this eq. can be written as an exact conservation law.
So, we have constructed the set of (quasi-)conservation laws of type (6.19) using the Riccati-type approach
of the modified AKNS model. By a suitable reduction process these charges can be identified to the ones
of the MNLS model, as discussed above. In ref. [7] in the context of the anomalous Lax pair formulation
of modified NLS models and through the abelianization procedure it has been constructed an infinite set of
asymptotically conserved charges, which are similar in form to the exact conserved charges of the standard
NLS model.
Since the early days of integrable models the presence of an infinite number of conservation laws is among
the most important features of integrability. The anomalous charges of deformations of the SG and KdV
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models have also been performed in the Ricatti-type pseudo-potential approach [14, 15]). In sec. 3 of the
present paper we have studied novel infinite number of anomalous charges by a direct construction method.
However, the rigorous proof of the mutual independence and non-triviality of the charges obtained through
these methods is often a non-trivial task. So, in the Riccaty-type pseudo-potential formulation above the
charges do not match these criteria and one has to examine order by order their non-trivialities and mutual
independence.
Moreover, one can try to construct another expression in the form of a conservation law involving only
the field χ and the fields of the MAKNS model {q¯, q, V }. So, in order to achieve this let us write (6.2) as
∂tu = 2Au− C u2 +B − i
q¯
χ, (6.49)
where (6.16) has been used in (6.2) in order to introduce χ. Next, one can write the field u in terms of the
variables {χ, q¯,X} from (6.17) as
u =
1
2q¯
∂xχ+ (2iζ − ∂x q¯q¯ )χ
χ+X
. (6.50)
Then, substituting the expression (6.50) for u into the system of eqs. formed by (6.1) and (6.49) one can get
a new system of eqs. for the variable χ such as
∂2xχ = jx, (6.51)
∂x∂tχ = −jt, (6.52)
where {jx,−jt} are the components of a current depending on the fields of the MAKNS model, and their
x, t−derivatives and the set {χ, ∂xχ, ∂tχ}. We will not present the explicit form of these components, instead
we discuss their consequences. So, the compatibility of the system (6.51)-(6.52) would allow us to construct
a local conservation law
∂tjx + ∂xjt = 0. (6.53)
However, as one can check, the above construction provides a set of trivial charges. In fact, we have checked
in the powers expansion of ζ−1 the first seven charges arising from (6.53) (up to the order n = 7) which
trivially vanish, since they are composed of surface terms.
The partial differential equations have been regarded as infinite-dimensional manifolds and the so-called
differential coverings have been introduced, which have been used to construct some structures such as Lax
pairs and Backlund transformations (see e.g. [43, 44]). In particular, an auto-Ba¨cklund transformation is
associated to an automorphism of the covering. Then, it would be interesting to study the properties of the
system (6.1)-(6.2) and (6.6)-(6.7) as some types of differential coverings of the MAKNS system (6.10)-(6.11).
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7 Linear system formulation of modified AKNS system
In the next steps we will pursue a linear system of equations associated to the deformed AKNS system
(6.10)-(6.11). In order to tackle this problem we will resort to the Riccati-type formulation of the model
presented above; so, in this context we will make use of three of the eqs. presented above, the Riccati eq.
(6.1), the quasi-conservation law (6.15) and the eq. for the auxiliary field χ in (6.17). Next, let us consider
the transformation
u = −∂x log φ, (7.1)
where φ represents a new pseudo-potential.
With the substitution (7.1) the Riccati eq. (6.1) becomes
φxx = −[2iζ − ∂xq¯
q¯
]φx − q¯qφ. (7.2)
Next, consider the quasi-conservation law (6.15) and integrate that eq. once in x. Then one gets
s(x, t) = q¯q − 1
φ
[
iφt − 2iζφx − ∂xq¯
q¯
φx
]
, (7.3)
where
s(x, t) ≡
∫ x
dx′χ. (7.4)
The auxiliary eq. (6.17) upon substitution of (7.1) becomes
sxx = −2X∂x logφ− [2iζ − ∂xq¯
q¯
+ 2∂x logφ]sx. (7.5)
The compatibility condition ∂t[∂
2
xφ] − ∂2x[∂tφ] = 0 gives rise to the eq. of motion of the deformed AKNS
(6.10)-(6.11).
Some comments are in order here. First, in the absence of deformations the auxiliary eq. (7.5) becomes
a trivial one, i.e. χ = X = 0 implies s = 0. Second, one can get the linear system of eqs. (7.2)-(7.3) as the
linear formulation of the standard AKNS model, provided that s ≡ 0 in the l.h.s. of (7.3).
So, following analogous constructions presented in [14, 15] related to the deformations of the sine-Gordon
and KdV models, we look for a linear system of eqs. associated to the deformed AKNS system. Notice that
the function s in (7.3)-(7.4) will inherit from χ in (6.17) a highly nonlinear dependence on u; then, through
the transformation (7.1), s will have in general a nonlinear dependence on φ. However, one can argue that
the eq. (7.3) would represent a linear eq. for the pseudo-potential φ provided that the auxiliary field s is
written solely in terms of the fields q, q¯ and X and their derivatives. So, let us assume the next Ansatz
∂xφ = Axφ, (7.6)
∂tφ = Atφ, (7.7)
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where the functions Ax and At represent the gauge connections and depend on the fields of the model. The
compatibility condition of this system will provide the eq. of motion
∂tAx − ∂xAt = 0. (7.8)
Using (7.6) into (7.2) one gets the following Riccati eq. for Ax
∂xAx = −2iζAx − (Ax)2 − q¯q + ∂xq¯
q¯
Ax. (7.9)
Likewise, replacing (7.6)-(7.7) into (7.3) one gets a relationship for the quantity s
s = q¯q − iAt + (2iζ + ∂xq¯
q¯
)Ax. (7.10)
Substituting this form of s into the eq. (7.5) and using the eqs. (7.8)-(7.9) one gets the eq. of motion of the
deformed AKNS (6.10)-(6.11). So, the form of s in (7.10) is consistent with the dynamics of the deformed
model.
Notice that the system of eqs. (7.6)-(7.7) are defined up to a gauge transformation of the type
φ → eΛφ (7.11)
Ax → Ax + ∂xΛ (7.12)
At → At + ∂tΛ, (7.13)
for an arbitrary function Λ. We will discuss this point below in more detail.
In order to find a linear system formulation of the modified AKNS it is needed a certain amount of
guesswork out of the eq. (7.3). Moreover, due to the gauge symmetry (7.11)-(7.13) it is possible to make a
particular choice for the connections Ax and At. Let us propose the following linear system of equations as
the linear formulation of the deformed AKNS 3
∂tΦ = AtΦ (7.14)
∂xΦ = AxΦ (7.15)
Ax ≡ −ζ∂xq¯ + 2q¯
(
a0ζ + ζ
2a1
2ζq¯ + i∂xq¯
)
, (7.16)
At ≡ ζ
∫ x
dx′
b0 + b1ζ + b2ζ
2
(2ζq¯ + i∂x′ q¯)2
, (7.17)
such that
b0 ≡ 1
2
i∂xq¯
2(2∂ta0 + ∂xV
(1)∂xq¯) + i(∂xq¯)
2(V (1)∂xq¯ − ∂3xq¯) + 2a0(q¯2∂xV (1) + ∂xq¯∂2xq¯ − q¯∂3xq¯)
b1 ≡ 2q¯2[2∂ta0 + ∂xV (1)(a1 + 2∂xq¯)] + 2a1∂xq¯∂2xq¯ + q¯[2i∂ta1∂xq¯ + 4V (1)(∂xq¯)2 − 2(a1 + 2∂xq¯)∂3xq¯],
b2 ≡ 8q¯2[∂ta1 − i(q¯∂xV (1) + V (1)∂xq¯ − ∂3xq¯)],
3Below we will provide a gauge transformation between the systems (7.14)-(7.15) and (7.6)-(7.7).
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where a0 and a1 are some nonvanishing auxiliary functions. The compatibility condition of the system of
eqs. (7.14)-(7.15); i.e. ∂t∂x(Φ)− ∂x∂t(Φ) = 0, furnishes the next equation
∂tAx − ∂xAt = 0. (7.18)
Substituting the expressions of the connection components {Ax , At} defined in (7.16)-(7.17) into (7.18) one
gets the next expression, which is a polynomial in powers of ζ
{8iq¯2∂x(V (1)q¯ + i∂tq¯ − ∂2xq¯)}ζ2 − (7.19)
{2a1[∂xq¯(∂2xq¯ − i∂tq¯) + q¯(q¯∂xV (1) + i∂x∂tq¯ − ∂3xq¯)] + 2∂xq¯2∂x[V (1)q¯ + i∂tq¯ − ∂2xq¯]}ζ − (7.20)
{2a0[∂xq¯(∂2xq¯ − i∂tq¯) + q¯(q¯∂xV (1) + i∂x∂tq¯ − ∂3xq¯)] + i(∂xq¯)2∂x(V (1)q¯ + i∂tq¯ − ∂2xq¯)} ≡ 0 (7.21)
Therefore, equating to zero the coefficient of ζ2 in (7.19) provides the identity
∂x[V
(1)q¯ + i∂tq¯ − ∂2xq¯] = 0. (7.22)
Next, replacing this identity into the coefficients of ζ and ζ0 in the eqs. (7.20) and (7.21), respectively, one
can get
ai [−i∂tq¯ + ∂2xq¯ − V (1)q¯] = 0, i = 0, 1. (7.23)
Since the auxiliary fields ai are nonvanishing arbitrary functions one gets the second eq. (6.11) of the AKNS
system. The first eq. (6.10) we will derive below.
Next, let us consider the linear system 4
∂tΦ˜ = A˜tΦ˜ (7.24)
∂xΦ˜ = A˜xΦ˜ (7.25)
A˜x ≡ ζ∂xq + 2q
(
a˜0ζ + ζ
2a˜1
2ζq − i∂xq
)
, (7.26)
A˜t ≡ −ζ
∫ x
dx′
b˜0 + b˜1ζ + b˜2ζ
2
(2ζq − i∂x′q)2 , (7.27)
with
b˜0 ≡ 1
2
i∂xq
2(2∂ta˜0 − ∂xV (1)∂xq)− i(∂xq)2(V (1)∂xq − ∂3xq)− 2a˜0(q2∂xV (1) + ∂xq∂2xq − q∂3xq)
b˜1 ≡ −2q2[2∂ta˜0 + ∂xV (1)(a˜1 − 2∂xq)]− 2a˜1∂xq∂2xq + q[2i∂ta˜1∂xq + 4V (1)(∂xq)2 + 2(a˜1 − 2∂xq)∂3xq],
b˜2 ≡ −8q2[∂ta˜1 − i(q∂xV (1) + V (1)∂xq − ∂3xq)].
The compatibility condition of the system of eqs. (7.24)-(7.25); i.e. ∂t∂x(Φ˜)− ∂x∂t(Φ˜) = 0, furnishes the
next polynomial in powers of ζ
{8iq2∂x(V (1)q + i∂tq − ∂2xq)}ζ2 − (7.28)
4Notice that the connections from (7.24)-(7.25) and (7.14)-(7.15) can be related as A˜µ = P˜(Aµ) (µ = {x, t}), a˜i =
P˜(ai) (i = 0, 1), where P˜ is the parity transformation defined in (2.7) and (6.13).
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{2a˜1[∂xq(∂2xq − i∂tq) + q¯(q∂xV (1) + i∂x∂tq − ∂3xq)] + 2∂xq2∂x[V (1)q + i∂tq − ∂2xq]}ζ − (7.29)
{2a˜0[∂xq(∂2xq − i∂tq) + q(q∂xV (1) + i∂x∂tq − ∂3xq)] + i(∂xq)2∂x(V (1)q + i∂tq − ∂2xq)} ≡ 0 (7.30)
Therefore, equating to zero the coefficient of ζ2 in (7.28) provides the identity
∂x[V
(1)q − i∂tq − ∂2xq] = 0. (7.31)
Next, replacing this identity into the coefficients of ζ and ζ0 in the eqs. (7.29) and (7.30), respectively, one
can get
a˜i [i∂tq + ∂
2
xq − V (1)q] = 0, i = 0, 1. (7.32)
Since the auxiliary fields a˜i are nonvanishing arbitrary functions one gets the first eq. (6.10) of the AKNS
system.
Therefore, the linear formulation (7.24)-(7.25) is related to the first deformed AKNS eq. (6.10), whereas
the linear formulation (7.14)-(7.15) is related to the second deformed AKNS eq. (6.11). These separate
formulations can be joined together into just one linear system defined as
∂x

 Φ
Φ˜

 = M

 Φ
Φ˜

 , M≡

 Ax 0
0 A˜x

 (7.33)
∂t

 Φ
Φ˜

 = N

 Φ
Φ˜

 , N ≡

 At 0
0 A˜t

 . (7.34)
So, the compatibility condition of this system provides the zero-curvature eq.
∂tM− ∂xN +
[
M, N
]
= 0. (7.35)
Notice that M and N are diagonal matrices, and so, one has [M, N ] = 0; therefore, the linear formulation
(7.33)-(7.34) splits into the relevant formulations in (7.14)-(7.15) and (7.24)-(7.25), respectively. Then, the
eqs. of motion of the deformed AKNS model (6.10)-(6.11) can be obtained from (7.35).
For completeness we provide a gauge transformation between the system (7.6)-(7.7) and the system
(7.14)-(7.15). So, the gauge transformation (7.11)-(7.13) can be written as
φ = e−ΛΦ (7.36)
Ax = Ax + ∂xΛ (7.37)
At = At + ∂tΛ, (7.38)
where Ω ≡ ∂xΛ satisfies the Riccati eq.
∂xΩ = 2Ω
2 − (2iζ + 2Ax − ∂xq¯
q¯
)Ω + iζAx +
1
2
A2x +
1
2
q¯q +
1
2
∂xAx − 1
2
Ax
∂xq¯
q¯
. (7.39)
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A similar construction can be performed for the gauge transformation of the sector with the connection(
A˜x, A˜t
)
. In fact, in order to perform that gauge transformation for the full system (7.33)-(7.34) we can
have 
 φ
φ˜

 = g

 Φ
Φ˜

 , g ≡

 e−Λ 0
0 e−Λ˜

 (7.40)
Aµ = Aµ + ∂µΛ (7.41)
A˜µ = A˜µ + ∂µΛ˜, µ = {x, t}. (7.42)
Since the matrices M , N and g are diagonal the connection components from the both sectors do not
couple in the process.
Actually, all of the constructions above can be reproduced for the modified NLS model (2.1) since
one can perform the reduction process of the modified AKNS model (MAKNS → MNLS) through the
identifications (6.12).
7.1 Infinite set of non-local conserved charges
For each of the linear systems in (7.14)-(7.15) and (7.24)-(7.25) it is possible to construct a set of non-local
conserved charges. The construction of analogous linear systems and their associated non-local charges
have recently been performed for some deformations of the sine-Gordon and KdV models [14, 15]. In fact,
following an iterative technique developed by Bre´zin et.al. [45], the authors in [14, 15] have uncovered infinite
set of non-local conservation laws for the relevant linear systems associated to the deformations of the SG
and KdV models, respectively. So, in order to make this paper self-contained we summarize the main points
of the construction since the procedure is quite similar to the ones undertaken for the SG and KdV models.
So, let us define the currents
J (n)µ =
∂
∂xµ
χ(n), xµ ≡ x, t; n = 0, 1, 2, ... (7.43)
dχ(1) = Aµdxµ (7.44)
≡ Axdx+Atdt, (7.45)
J (n+1)µ =
∂
∂xµ
χ(n) −Aµχ(n); χ(0) = 1, (7.46)
Next, an inductive procedure is used to show that the (non-local) currents J
(n)
µ are conserved
∂tJ
(n)
t − ∂xJ (n)x = 0, n = 1, 2, 3, ... (7.47)
In fact, the first non-trivial current becomes J
(1)
µ = (Ax, At) whose conservation law ∂tA − ∂xAt = 0
reproduces the eq. (7.18). The second order current becomes J
(2)
µ = (Ax − Axχ(1), At − Atχ(1)), and from
the conservation law (7.47), using the first order conservation law (7.18), one gets
∂t[Axχ
(1)]− ∂x[Atχ(1)] = 0. (7.48)
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The third order current becomes J
(3)
µ = (
∂
∂xχ
(2)−Axχ(2), ∂∂tχ(2)−Atχ(2)). So, at this order, the conservation
law (7.47), upon using the first (7.18) and second (7.48) order conservation laws, can be written as
∂t[Axχ
(2)]− ∂x[Atχ(2)] = 0. (7.49)
where
∂xχ
(2) = Ax −Axχ(1), ∂tχ(2) = At −Atχ(1). (7.50)
Then, one can write the infinite tower of non-local conservation laws as
∂t[Axχ
(1)]− ∂x[Atχ(1)] = 0, (7.51)
∂t[Axχ
(n)]− ∂x[Atχ(n)] = 0, n = 2, 3, 4, ... (7.52)
∂xχ
(n) = Ax −Axχ(n−1), ∂tχ(n) = At −Atχ(n−1). (7.53)
A similar procedure can be performed for the sector with the gauge connection
(
A˜x, A˜t
)
in (7.26)-(7.27),
giving rise to another tower of infinite number of non-local conservation laws
∂t[A˜xχ˜
(1)]− ∂x[A˜tχ˜(1)] = 0, (7.54)
∂t[A˜xχ˜
(n)]− ∂x[A˜tχ˜(n)] = 0, n = 2, 3, 4, ... (7.55)
∂xχ˜
(n) = A˜x − A˜xχ˜(n−1), ∂tχ˜(n) = A˜t − A˜tχ˜(n−1). (7.56)
Due to the reduction process MAKNS →MNLS, through the identification (6.12), the towers of non-
local charges constructed above can directly be reproduced for the modified NLS model (2.1). Moreover,
additional reductions of the standard AKNS system have been reported which define some integrable non-
local NLS, SG and KdV models [38, 39]. So, in the context of the modified AKNS the relevant NLS-type,
SG-type and KdV-type equations will appear for a convenient choice of the parameters A,B and C, as well
as the auxiliary fields like r and s, in the MAKNS system (6.1)-(6.2). The suitable choices have been done in
[14] for the modified SG-like and in [15] for the modified KdV-like systems, respectively. So, our calculations
and results above can be reproduced for the following reductions of the MAKNS system (6.1)-(6.2)
q¯(x, t) ≡ σ q⋆(x, t), σ = ±1, ⋆ ≡ complex conjugation (7.57)
q¯(x, t) ≡ σ q(x,−t), (7.58)
q¯(x, t) ≡ σ q⋆(−x, t), (7.59)
q¯(x, t) ≡ σ q(−x,−t), q ∈C (7.60)
q¯(x, t) ≡ σ q⋆(−x,−t), (7.61)
q¯(x, t) ≡ σ q(−x,−t), q ∈ IR. (7.62)
The first reduction (7.57) is just the reduction MAKNS →MNLS (6.12) we have discussed in this paper.
We expect that the second, third and fourth reductions above will give rise to non-local MNLS-type equations
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and the last two of them to nonlocal modified KdV-type evolution equations. The construction of the
anomalous charges and the symmetries satisfied by the relevant anomalies associated to the NLS-type (7.58)-
(7.60) and (real or complex) KdV-type (7.61)-(7.62) reductions deserve careful analysis and we will postpone
those important issues for future research.
So far, the relevant deformations of the SG and KdV models have been considered in the literature
[14, 15], and they share a similar structure regarding their nonlocal conservation laws with the one of the
AKNS-type models in (7.51)-(7.53), since their linear formulations possess the same form as in (7.14)-(7.15)
or (7.24)-(7.25). Since the algebra of conserved charges in certain two-dimensional integrable quantum field
theories is also present in the classical theory as a Poisson-Hopf algebra [46, 47], it would be interesting to
search for those type of classical Yangian algebras related to the set of non-local currents and charges for
the deformations of the integrable models. The non-local conserved charges, as in the non-linear σ−model,
would be relevant at the quantum level and they would imply absence of particle production (see e.g. [3, 48]).
The AKNS-type models are quite ubiquitous in the nonlinear science and it would be interesting to
investigate the relevance and physical consequences of the infinite towers of infinitely many anomalous and
non-local charges discussed in this paper. Some remarkable and profound relationships between integrable
models and gauge theories have been uncovered in recent years. For example, it has been proposed a kind of
triality among gauge theories, integrable models and gravity theories in some UV regime. In particular, the
(1 + 1)D nonlinear Schro¨dinger equation corresponds to the 2DN = (2, 2)⋆U(N)super Yang-Mills theory
(see [23] and references therein). We will postpone those important issues and some relevant applications
for a future work.
8 Some conclusions and discussions
Quasi-integrability properties of certain deformations of the NLS model have been examined. New anoma-
lous charges related to infinite towers of infinitely many quasi-conservation laws were uncovered. By direct
construction in sec. 3, we have obtained novel towers of quasi-conservation laws such that the anomaly
densities exhibit odd parities under the special space-time symmetry (2.7)-(2.8). We have shown that each
monomial or polynomial with homogeneous degree and even parity turns out to be the density of an anoma-
lous charge; since in each case one can construct a quasi-conservation law with odd parity anomaly density. In
addition, for each monomial or polynomial of that type one can construct an infinite number of higher order
quasi-conservation laws with anomalous charges and relevant anomalies possessing successively increasing
degrees. Moreover, an anomaly cancellation mechanism has been introduced in order to construct the exact
conservation laws, since a convenient linear combination of a set of relevant anomalies identically vanishes.
In sec. 4 it has been shown that even the standard NLS model possesses infinite towers of infinitely
many anomalous conservation laws. Subsequently, we showed analytically the vanishing of the space-time
integrated anomalies and then the quasi-conservation of the infinite tower of anomalous charges forN−soliton
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solution satisfying the special parity symmetry CPsTd in (2.18). So, this is the first example, of an analytical,
and not only numerical, demonstration of the vanishing of the space-time integrated anomalies associated
to the whole quasi-conservation laws of an integrable system. Some towers of anomalous charges have also
been discussed in the standard sine-Gordon [4] and KdV [15] models; however, in the present paper we have
examined the complete set of anomalies associated to the standard NLS model, and so, it is expected that
these kind of properties will appear in the other integrable systems and their quasi-integrable deformations.
Through numerical simulations of 2−bright soliton collisions, in sec. 5, we have checked the quasi-
conservation properties of the lowest order charges of the modified NLS model, appearing in the towers of
quasi-conservation laws defined in (3.4), (3.11), (3.18) and (3.28), respectively. So, we computed the space
and space-time integrals of their associated anomaly densities αˆ1, βˆ2, γˆ2 and δˆ1, defined in (3.3), (3.12),
(3.17) and (3.25), respectively, for three types of two-soliton collisions of the particular deformation of NLS
model (2.5). In our numerical simulations presented in the Figs 1-15 we have observed that the space and
space-time integrals of the set of anomalies αˆ1, βˆ2, γˆ2 and δˆ1 vanish with good accuracy. In fact, the
space and space-time integrals of the anomaly densities vanish within the order of errors 10−4 and 10−6,
respectively, and sometimes, within the order of errors 10−11 and 10−15, respectively, depending on the
type of 2−bright soliton configuration. So, our numerical simulations allow us to conclude that for 2-bright
soliton configurations the relevant charges are asymptotically conserved and their collisions are elastic within
numerical accuracy.
We have performed the Riccati-type pseudo-potential approach to deformations of the AKNS model in
sec. 6, such that the modified NLS is obtained through a certain reduction. In this framework it has been
constructed infinite towers of quasi-conservation laws and discussed their properties and relationships with
the MNLS model. This construction reproduced the tower of NLS-type quasi-conserved charges obtained in
the anomalous zero-curvature approach of [7].
In the framework of the Riccati-type pseudo-potential approach we have constructed a couple of linear
systems of equations, (7.14)-(7.15) and (7.24)-(7.25), whose relevant compatibility conditions give rise to
the modified AKNS system of equations (6.10)-(6.11). The second system of linear eqs. (7.24)-(7.25) is
related to the first one (7.14)-(7.15) through the transformation (2.7) and (6.13). In subsection 7.1 we have
constructed two towers of infinite sets of non-local conservation laws associated to the linear formulations,
respectively. These linear systems and their associated non-local charges deserve more careful considerations;
in particular, regarding their relationships of their associated non-local currents with the so-called classical
Yangians [46, 47].
In view of the current results, on deformations of SG, KdV and in this paper on deformations of NLS,
one can inquire about the non-local properties of the quasi-integrable systems studied in the literature, such
as the deformations of the Bullough-Dodd, Toda and SUSY sine-Gordon systems [6, 8, 13], and more specific
structures, such as the complete list of the towers of infinite number of anomalous charges and the (non-local)
exact conservation laws, as discussed in this paper. Moreover, it would be interesting to consider the general
46
AKNS model and study their (non-local) reductions (7.58)-(7.62) as proposed in [39, 38], as well as their
relevant deformations in the lines discussed above.
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A The u′ns of the first set of charges
The u′ns can be determined recursively by substituting the expansion (6.18) into (6.1). Then the first
quantities become
u1 = −1
2
iq (A.1)
u2 =
1
2
i∂xu1 (A.2)
u3 =
1
2
i
(−q¯u21 + ∂xu2) (A.3)
u4 =
1
2
i (−2q¯u1u2 + ∂xu3) (A.4)
u5 =
1
2
i
(−q¯u22 − 2q¯u1u3 + ∂xu4) (A.5)
u6 =
1
2
i (−2q¯(u3u2 + u1u4) + ∂xu5) (A.6)
............................
The above sequence can be written for any n (even or odd) as follows
un =
1
2
i
[
− 2q¯
∑
i1 + i2 = n− 1
i1 6= i2
ui1ui2 + ∂xun−1
]
, n = even (A.7)
un =
1
2
i
[
− q¯ u2n−1
2
− 2q¯
∑
i1 + i2 = n− 1
i1 6= i2
ui1ui2 + ∂xun−1
]
, n = odd. (A.8)
In terms of the field components the first six ui (i = 1, 2, ...6) become
u1 = −1
2
iq (A.9)
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u2 =
1
4
∂xq (A.10)
u3 =
1
8
i
(
q¯qq + ∂2xq
)
(A.11)
u4 = − 1
16
[4q¯q∂xq + qq∂xq¯ + ∂
3
xq] (A.12)
u5 = − 1
32
i[2(q¯q)2q + 5q¯(∂xq)
2 + 6q
(
∂xq∂xq¯ + q¯∂
2
xq
)
+ q2∂2xq¯ + ∂
4
xq] (A.13)
u6 =
1
64
[
6q3q¯∂xq¯ + 11∂xq¯(∂xq)
2 + 18q¯∂xq∂
2
xq + 4q(3∂
2
xq∂xq¯ + 2∂xq∂
2
xq¯ + 2q¯∂
3
xq) +
q2(16q¯2∂xq + ∂
3
xq¯) + ∂
5
xq
]
. (A.14)
B The χ components
The components of the expansion of χ in a recursive form become
χ1 = −iq¯u1X (B.1)
χ2 = −iq¯u2X + 1
2
i∂xχ1 − 1
2
iχ1
∂xq¯
q¯
(B.2)
χ3 = −iq¯u3X − iq¯u1χ1 + 1
2
i∂xχ2 − 1
2
iχ2
∂xq¯
q¯
(B.3)
χ4 = −iq¯u4X − iq¯u2χ1 − iq¯u1χ2 + 1
2
i∂xχ3 − 1
2
iχ3
∂xq¯
q¯
(B.4)
χ5 = −iq¯u5X − iq¯u3χ1 − iq¯u2χ2 − iq¯u1χ3 + 1
2
i∂xχ4 − 1
2
iχ4
∂xq¯
q¯
(B.5)
.............
The above sequence can be written for any n as
χn = −i q¯unX − iq¯
∑
i1+i2=n−1
ui1χi2 +
1
2
i ∂xχn−1 − 1
2
iχn−1
∂xq¯
q¯
; χ0 ≡ 0, n = 1, 2, .... (B.6)
The first five components become
χ1 = −1
2
q¯qX.
χ2 = −1
4
i[2q¯∂xqX + q¯q∂xX ].
χ3 =
1
8
[3q¯∂xq∂xX + 3q¯X(q¯q
2 + ∂2xq) + q¯q∂
2
xX ]. (B.7)
χ4 =
i
16
[q¯q2 (5q¯∂xX + 4X∂xq¯) + 6q¯∂
2
xq∂xX + 4q¯∂xq∂
2
xX + 4q¯X∂
3
xq + q¯q
(
16Xq¯∂xq + ∂
3
xX
)
].
χ5 = − 1
32
q¯
{
10q3q¯2X + q2
(
9∂xX∂xq¯ + 7q¯∂
2
xX + 5X∂
2
xq¯
)
+
5[2∂2xq∂
2
xX + 2∂
3
xq∂xX + ∂
3
xX∂xq +X(5q¯(∂xq)
2 + ∂4xq)] +
q[2∂xq(17q¯∂xX + 15X∂xq¯) + 30Xq¯∂
2
xq + ∂
4
xX ]
}
.
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C 3-soliton parameters
The next equations have been used in order to construct the CPsTd symmetric 3−soliton. The functions f3
and g3 become
f3 = e
ξ1 + eξ2 + eξ3 + eξ1+ξ2+ξ4+θ12+θ14+θ24 + eξ1+ξ2+ξ5+θ12+θ15+θ25 + eξ1+ξ2+ξ6+θ12+θ16+θ26 +
eξ1+ξ3+ξ4+θ13+θ14+θ34 + eξ1+ξ3+ξ5+θ13+θ15+θ35 + eξ1+ξ3+ξ6+θ13+θ16+θ36 +
eξ2+ξ3+ξ4+θ23+θ24+θ34 + eξ2+ξ3+ξ5+θ23+θ25+θ35 + eξ2+ξ3+ξ6+θ23+θ26+θ36 +
e
∑6
j=1,j 6=6 ξj+
∑6
j<l(j,l 6=6) θjl + e
∑6
j=1,j 6=5 ξj+
∑6
j<l(j,l 6=5) θjl + e
∑6
j=1,j 6=4 ξj+
∑6
j<l(j,l 6=4) θjl . (C.1)
and
g3 = 1 + e
ξ1+ξ4+θ14 + eξ1+ξ5+θ15 + eξ1+ξ6+θ16 + eξ2+ξ4+θ24 + eξ2+ξ5+θ25 + eξ2+ξ6+θ26 +
eξ3+ξ4+θ34 + eξ3+ξ5+θ35 + eξ3+ξ6+θ36 +
eξ1+ξ2+θ12 [eξ4+ξ5+θ14+θ15+θ24+θ25+θ45 + eξ4+ξ6+θ14+θ16+θ24+θ26+θ46 + (C.2)
eξ5+ξ6+θ15+θ16+θ25+θ26+θ56 ] +
eξ1+ξ3+θ13 [eξ4+ξ5+θ14+θ15+θ34+θ35+θ45 + eξ4+ξ6+θ14+θ16+θ34+θ36+θ46 + (C.3)
eξ5+ξ6+θ15+θ16+θ35+θ36+θ56 ] + (C.4)
eξ2+ξ3+θ23 [eξ4+ξ5+θ24+θ25+θ34+θ35+θ45 + eξ4+ξ6+θ24+θ26+θ34+θ36+θ46 + (C.5)
eξ5+ξ6+θ25+θ26+θ35+θ36+θ56 ] + (C.6)
e
∑6
j ξj+
∑6
j<l(j=1,l=2) θjl . (C.7)
with
ξ1 = k1x˜+ ik
2
1 t˜+ η01 −
θ12 + θ13 + θ14 + θ15 + θ16
2
≡ η1 − θ12 + θ13 + θ14 + θ15 + θ16
2
, (C.8)
ξ2 = k2x˜+ ik
2
2 t˜+ η02 −
θ12 + θ23 + θ24 + θ25 + θ26
2
≡ η2 − θ12 + θ23 + θ24 + θ25 + θ26
2
, (C.9)
ξ3 = k3x˜+ ik
2
3 t˜+ η03 −
θ13 + θ23 + θ34 + θ35 + θ36
2
≡ η3 − θ13 + θ23 + θ34 + θ35 + θ36
2
, (C.10)
ξ4 = ξ¯1, ξ5 = ξ¯2, ξ6 = ξ¯3, x˜ ≡ x− x∆, t˜ ≡ t− t∆. (C.11)
For G3 one has
G3 ≡ cosh [
∑
j ηj
2
] + e−
Θ14
2 cosh [
(η1 + η4)− (η2 + η5)− (η3 + η6)
2
] + (C.12)
e−
Θ15
2 cosh [
(η1 − η4)− (η2 − η5)− (η3 + η6)
2
] + e−
Θ16
2 cosh [
(η1 − η4)− (η2 + η5)− (η3 − η6)
2
] +
e−
Θ24
2 cosh [
(η1 − η4)− (η2 − η5) + (η3 + η6)
2
] + e−
Θ25
2 cosh [
(η1 + η4)− (η2 + η5) + (η3 + η6)
2
] +
e−
Θ26
2 cosh [
(η1 + η4)− (η2 − η5) + (η3 − η6)
2
] + e−
Θ34
2 cosh [
(η1 − η4) + (η2 + η5)− (η3 − η6)
2
] +
e−
Θ35
2 cosh [
(η1 + η4) + (η2 − η5)− (η3 − η6)
2
] + e−
Θ36
2 cosh [
(η1 + η4) + (η2 + η5)− (η3 + η6)
2
],
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where the parameters Θij are provided below and satisfy the properties
Θ14, Θ25, Θ36 ∈ IR; Θ¯15 = Θ24, Θ¯16 = Θ34, Θ¯26 = Θ35. (C.13)
Similarly, for F3 one has
F3 ≡ γ14e
−(η1−η4)+(η2−η5)+(η3−η6)
2 + γ25e
(η1−η4)−(η2−η5)+(η3−η6)
2 + γ36e
(η1−η4)+(η2−η5)−(η3−η6)
2 +
R14e
η1−η4−θ14
2 cosh [
(η2 + η5) + (η3 + η6)− iα14
2
] +
R25e
η2−η5−θ25
2 cosh [
(η1 + η4) + (η3 + η6)− iα25
2
] +
R36e
η3−η6−θ36
2 cosh [
(η1 + η4) + (η2 + η5)− iα36
2
] + (C.14)
A1 r14e
η1−η4
2 cosh [
(η2 + η5)− (η3 + η6) + iβ14
2
] +
A2 r25e
η2−η5
2 cosh [
(η1 + η4)− (η3 + η6) + iβ25
2
] +
A3 r36e
η3−η6
2 cosh [
(η1 + η4)− (η2 + η5) + iβ36
2
].
The above parameters γj(3+j), Rj(3+j), rj(3+j), Aj , αj(3+j), βj(3+j) (j = 1, 2, 3) are real and they are pro-
vided below. Some of the parameters θjk satisfy
θ14, θ25, θ36 ∈ IR, θ45 = θ¯12, θ46 = θ¯13, θ56 = θ¯23. (C.15)
The parameters Θjk are defined as
Θ14 = θ12 + θ13 + θ15 + θ16 + θ24 + θ34 + θ45 + θ46, Θ15 = θ12 + θ13 + θ14 + θ16 + θ25 + θ35 + θ45 + θ56,
Θ16 = θ12 + θ13 + θ14 + θ15 + θ26 + θ36 + θ46 + θ56, Θ¯24 = θ12 + θ14 + θ23 + θ25 + θ26 + θ34 + θ45 + θ46,
Θ25 = θ12 + θ15 + θ23 + θ24 + θ26 + θ35 + θ45 + θ56, Θ¯26 = θ12 + θ16 + θ23 + θ24 + θ25 + θ36 + θ46 + θ56,
Θ¯34 = θ13 + θ14 + θ23 + θ24 + θ35 + θ36 + θ45 + θ46, Θ35 = θ13 + θ15 + θ23 + θ25 + θ34 + θ36 + θ45 + θ56
Θ36 = θ13 + θ16 + θ23 + θ26 + θ34 + θ35 + θ46 + θ56. (C.16)
Finally, one has
γ14 ≡ e−
θ12+θ13+θ14+θ25+θ26+θ35+θ36+θ45+θ46
2 , (C.17)
=
1
(k1Rk2Rk3R)2
∣∣∣(k1 − k2)(k1 − k3)
4(k2 + k3)
∣∣∣4. (C.18)
γ25 ≡ e−
θ12+θ14+θ16+θ23+θ25+θ34+θ36+θ45+θ56
2 , (C.19)
=
1
(k1Rk2Rk3R)2
∣∣∣(k1 − k2)(k2 − k3)
4(k1 + k3)
∣∣∣4. (C.20)
γ36 ≡ e−
θ13+θ14+θ15+θ23+θ24+θ25+θ36+θ46+θ56
2 , (C.21)
=
1
(k1Rk2Rk3R)2
∣∣∣(k1 − k3)(k2 − k3)
4(k1 + k2)
∣∣∣4. (C.22)
R14e
−i
α14
2 ≡ e− θ24+θ34+θ45+θ462 , (C.23)
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R25e
−i
α25
2 ≡ e− θ15+θ35+θ45+θ562 , (C.24)
R36e
−i
α36
2 ≡ e− θ16+θ26+θ46+θ562 , (C.25)
r14e
−i
β14
2 ≡ e− θ12+θ15+θ34+θ462 , (C.26)
r25e
−i
β25
2 ≡ e− θ12+θ24+θ35+θ562 , (C.27)
r36e
−i
β36
2 ≡ e− θ13+θ26+θ34+θ562 , (C.28)
A1 = e
θ23+θ56+θ14+θ35+θ26
2 , (C.29)
A2 = e
θ13+θ46+θ25+θ34+θ16
2 , (C.30)
A3 = e
θ12+θ45+θ24+θ15+θ36
2 . (C.31)
References
[1] A. Das, Integrable Models, World Scientific, 1989.
[2] L. D. Faddeev and L. A. Takhtajan, Hamiltonian Methods in the Theory of Solitons, Springer, Berlin,
2007, Translated from the 1986 Russian original by Alexey G. Reyman.
[3] Abdalla, E., Abadalla, M.C.B., Rothe, K.: Non-perturbative methods in two-dimensional quantum field
theory. Singapore: World Scientific, 2nd Ed. 2001.
[4] L.A. Ferreira and Wojtek J. Zakrzewski, JHEP 05 (2011) 130.
[5] L.A. Ferreira and Wojtek J. Zakrzewski, JHEP 01 (2014) 058
L. A. Ferreira and W. J. Zakrzewski, Breather-like structures in modified sine-Gordon models Nonlin-
earity 29 (2016) 1622.
[6] V.H. Aurichio and L.A. Ferreira, JHEP 03 (2015) 152.
[7] L.A. Ferreira, G. Luchini and Wojtek J. Zakrzewski, JHEP 09 (2012) 103.
[8] L.A. Ferreira, P. Klimas and Wojtek J. Zakrzewskic, JHEP 05 (2016) 065.
[9] H. Blas and H. F. Callisaya, Commun Nonlinear Sci Numer Simulat 55 (2018) 105.
see also the Research Highlight: “An exploration of kinks/anti-kinks and breathers in deformed
sine-Gordon models” in Advances in Engineering, https://advanceseng.com/kinks-anti-kinks-breathers-
deformed-sine-gordon-models.
[10] F. ter Braak, L. A. Ferreira and W. J. Zakrzewski, Nucl. Phys. B939 (2019) 49.
[11] H. Blas and M. Zambrano, JHEP 03 (2016) 005.
H Blas and M Zambrano, 2018 J. Phys.: Conf. Ser. 1143 012004.
51
[12] H. Blas, A.C.R. do Bonfim and A.M. Vilela, JHEP05(2017)106.
[13] K. Abhinav and P. Guha, Europhysics Letters 116 (2016) 10004.
[14] H. Blas, H. F. Callisaya and J.P.R. Campos, Nucl. Phys. B950 (2020) 114852. [arXiv:1801.00866]
[INSPIRE].
[15] H. Blas, R. Ochoa and D. Suarez, JHEP 03 (2020) 136.
H. Blas, R. Ochoa and D. Suarez, 2020 J. Phys.: Conf. Ser. 1558, 012012.
[16] D. J. Frantzeskakis, J. Physics A43 (2010) 213001.
[17] A. Gurevich and V. M. Vinokur, Phys. Rev. Lett. 90 (2003) 047004.
Y. Tanaka, Phys. Rev. Lett. 88 (2002) 017002.
[18] D. S. Agafontsev and V. E. Zakharov, Nonlinearity 29 (2016) 3551.
D. S. Agafontsev, S. Randoux and P. Suret, Integrable turbulence developing from strongly nonlinear
partially coherent waves, arXiv:2003.03218 [nlin.PS].
[19] E.N. Pelinovsky et al. Phys. Lett. 377A (2013) 272.
E. N. Pelinovsky and E. G. Shurgalina, Radiophysics and Quantum Electronics 57 (2015) 737.
[20] G. Roberti, G. El, S. Randoux and P. Suret, Phys. Rev. E100 (2019) 032212.
A. A. Gelash and D. S. Agafontsev, Phys. Rev. E98 (2018) 042210.
[21] I. Redor, E. Barthelemy, H. Michallet, M. Onorato, and N. Mordant,Phys. Rev. Lett. 122 (2019) 214502.
[22] S.Y. Lou and F. Huang, Sci. Rep. 7 (2017) 869.
M. Jia and S. Y. Lou, Phys. Lett. 382A (2018) 1157.
[23] J. Nian, JHEP 03 (2018) 032.
[24] Weizhu Bao, Methods and Applications of Analysis 11 (2004) 001.
[25] Weizhu Bao, Qinglin Tang, Zhiguo Xu, Journal of Computational Physics 235 (2013) 423.
[26] M.C. Nucci, Pseudopotentials, Lax equations and Backlund transformations for non-linear evolution
equations, J. Physics A: Math. Gen. A21 (1988) 73.
M.C. Nucci, Riccati-type pseudopotentials and their applications, in Nonlinear Equations in the Applied
Sciences, Eds. W. F. Ames and C. Rogers, Academic press, Inc. London, 1992.
[27] S. Cowan, R. H. Enns, S. S. Rangnekar, S. S. Sanghera, Canadian Journal of Physics 64 (1986) 311.
[28] M. Crosta, A. Fratalocchi and S. Trillo, Phys. Rev. A84 (2011) 063809.
[29] A. Sergio Bezerra Sombra, Optics Communications 94 (1992) 92.
52
[30] Y. S. Kivshar, B. Luther-Davies, Phys. Reports 298 (1998) 81.
[31] W. Krolikowski and B. Luther-Davies, Optics Letters 18 (1993) 188.
[32] R. H. Enns, Phys. Rev. A36 (1987) 5441.
[33] S. C. Anco and R. Myrzakulov, Journal of Geometry and Physics 60 (2010) 1576.
[34] H. Blas and M. Zambrano, J. Physics A: Math. Theor. A48 (2015) 275201. 275201.
[35] R. Hirota, J. Math. Phys. 14 (1973) 805.
[36] H. Blas, Vector NLS hierarchy solitons revisited: dressing transformation and tau function approach,
arXiv:solv-int/9912015.
[37] S. Y. Lou, J. Math. Phys. 59 (2018) 083507.
S. Y. Lou, Alice-Bob systems, P -T -C principles and multi-soliton solutions, e-print arXiv:1603.03975v2
[nlin.SI]
[38] M. J. Ablowitz and Z. H. Musslimani, Phys. Rev. Lett. 110 (2013) 064105.
[39] M. J. Ablowitz and Z. H. Musslimani, Stud. Appl. Math. 139 (2017) 7.
[40] K. Chen, X. Deng, S. Y. Lou, and D. J. Zhang, Stud. Appl. Math. 141 (2018) 113.
[41] G. Staffilani, G., “KdV and almost conservation laws”, in Harmonic analysis at Mount Holyoke (South
Hadley, MA, 2001), 367-381, Contemp. Math., 320, Amer. Math. Soc., Providence, RI, 2003.
J. Colliander, M. Keel, G. Stalani, H. Takaoka, T. Tao, “Sharp global well-posedness for KdV and
modified KdV on IR and T , J. Amer. Math. Soc. 16 (2003), no. 3, 705-749.
[42] H.-H. Chen, Phys. Rev. Lett. 33 (1974) 925.
M. Wadati, H. Sanuki and K. Konno, Prog. Theor. Phys. 53 (1975) 419.
[43] I.S. Krasilshchik and A.M. Vinogradov, Nonlocal trends in the geometry of differential equations: sym-
metries, conservation laws, and Ba¨cklund transformations, Acta Appl. Math. 15 (1989) 161.
I.S. Krasilshchik and A.M. Vinogradov (Eds), Symmetries and Conservation Laws for Differential Equa-
tions of Mathematical Physics, AMS, Providence, RI (1999).
[44] S. Igonin, Coverings and fundamental algebras for partial differential equations, Journal of Geometry
and Physics 56 (2006) 939.
O.I. Morozov, The four-dimensional Mart´ınez Alonso - Shabat equation: Differential coverings and
recursion operators, Journal of Geometry and Physics 85 (2014) 75.
[45] E. Brezin, C. Itzykson, J. Zinn-Justin and J.-B. Zuber, Phys. Lett. 82B (1979) 442.
53
[46] N.J. Mackay, Phys. Lett. 281B (1992) 90.
[47] N.J. Mackay, Int. J. Mod. Phys. A30 (2005) 7189.
[48] M. Lu¨scher, Nucl. Phys. B135 (1978) 1.
54
